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^~^' Abstract. Let K he a finite extension of Qp, and choose a uniformizer tt S K, 

C^ ' and put Kfxi := K{^ \f^)- We introduce a new technique using restriction to 

G3.\{K /Kaa) to study flat deformation rings. We show the existence of defor- 
mation rings for Gal(X/ifoo)-representations "of height ^ h" for any positive 
QQ ' integer h, and we use them to give a variant of Kisin's proof of connected com- 

ponent analysis of a certain fiat deformation rings, which was used to prove 
Kisin's modularity lifting theorem for potentially Barsotti-Tate representa- 
tions. Our proof does not use the classification of finite flat group schemes, so 
pH ' it avoids Zink's theory of windows and displays when p = 2. 

*^^ ' This Gal{/</iC'oo)-deformation theory has a good analogue in positive char- 

^ ; , acteristics analogue of crystalline representations in the sense of Genestier- 

t | ■ Lafforgue. In particular, we obtain a positive characteristic analogue of crys- 

"*^ ' talline deformation rings, and can analyze their local structure. 
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C^ . 1. Introduction 

Since the pioneering work of Wiles on the modularity of semi-stable elliptic curves 
over Q, there has been huge progress on modularity lifting. Notably, Kisin [Kis09b, 
Kis09a] (later improved by Gee [Gee06]) proved a very general modularity lifting 
theorem for potentially Barsotti-Tate representations, which had enormous impacts 
on this subject. (For the precise statement of the theorem, see the aforementioned 
references.) 

One of the numerous noble innovations that appeared in Kisin's result is his 
improvement of Taylor- Wiles patching argument. The original patching argument 
required relevant local deformation rings to be formally smooth, which is a very 
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strong requirement. Under Kisin's improved patching, wc only need to show that he 
generic fiber of local deformation rings are formally smooth with correct dimension, 
and we need to have some control of their connected components. (See [Kis07, 
Corollary 1.4] for the list of sufficient conditions on local deformation rings to 
prove modularity lifting.) It turns out that the most difficult part among them 
(and the hurdle to proving modularity lifting for more general classes of p-adic 
Galois representations) is to "control" the connected components of certain p-adic 
deformation rings at places over p. (The relevant local deformation rings here are 
"flat deformation rings".) 

The main purpose of this paper is to give another proof of the following theorem 
of Kisin. Let us fix some notations. Let K be a finite extension of Qp, F a finite 
field of characteristic p, and o a complete discrete valuation ring with residue field 
F. Let p : Qk -^ GL2(F) be a continuous representation, and let i?° be the framed 
deformation o-algcbraof p (whose existence was shown by Mazur[Maz89]). Let i?(.ris 
be the unique p°°-torsion free quotient of i?° whose A-points classifies crystalline 
lifts of p with "Hodge type (0,1)" for any finite Qp-algcbra A. (See [Kis08, §2] 
for the proof. The precise definition could be found in Theorem 2.4.12 and §4.5 
for the case we need.) By [Kis06, Corollary 2.2.6] and [Ray 74, Proposition 2.3.1], 
^cr'is differs only by p°°-torsion from the flat framed deformation ring of p with the 
inertia action on the determinant given by the p-adic cyclotomic character.. 

Theorem 1.1 (Kisin; Gee, Imai). For finite local Qp-algebras A and A' , consider 

maps S, '■ ^cris ~^ ^ '^"'^ ?' ■ ^cril ^^ ^' • ^^^ P^ '^"'^ Pi' denotc the lifts of p 
corresponding to ^ and ^' , respectively. 

(1) Assume that p > 2. Then ^ and ^' are supported on the same connected 
component of Spec R^j!^[-] if and only if either both p^ and p^' do not ad- 
mit a non-zero unramified quotient (i.e. non-ordinary) or both p^ and p^i 
admit a rank-l unramified quotient which lift the same (mod p unramified) 
character. In particular, Speci^^j.jg [-] has at most one connected compo- 
nent (which is geometrically connected) consisting of non- ordinary lifts, and 
at most one connected component (which is geometrically connected) con- 
sisting of ordinary lifts unless p '^ tpi ® tp2 where ipi CLnd ip2 O'fe distinct 
unramified characters, in which case there exist two connected components 
consisting of ordinary lifts (and each of them is geometrically connected). 

(2) Assume that p = 2. Then ^ and ^' are supported on the same connected 
?°'."'[i] 

'■ens LpJ 

ramified quotient (i.e. non-ordinary). 

In order to prove the 2-adic modularity lifting theorem for potentially Barsotti- 
Tatc representations, one needs the full statement of Theorem 1.1(1) for p = 2, not 
just Theorem 1.1(2), when p ^^ (o i)- But in fact, the idea of Khare-Wintcnberger 
[KW09b, 3.2.5] takes care of the "ordinary components" of Spec i?cris [~] even when 
p = 2. (See also [Kis09a, §2.4].) 

Let us sketch the original idea of proof due to Kisin. When p > 2, he con- 
structed a kind of "resolution" of flat deformation rings using the classification of 
finite flat group schemes^. The statement of Theorem 1.1(1) concerning ordinary 
components follows relatively easily; see [Kis09b, Proposition 2.5.15], and the proof 



component of Spec R^j!^[-] if both p^ and p^> do not admit a non-zero un- 



See Theorem 2.3.5 for the statement. In fact, the construction of the resolved deformation 
space could be carried out using a slightly weaker statement. 
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of the statements about non-ordinary components is reduced to constructing chains 
of rational curves in a certain subscheme of an afFine grassmannian. (See [Kis09b, 
§2.5].) This "afhne grassmannian computation" (which completes the proof of the 
geometric connectedness of the non-ordinary locus when p > 2) was done in loc. cit. 
when the residue field of K is Fp, in [Gee06] assuming p ~ (o i)j and in [Ima08] 
for the general case.^ 

As remarked earlier, the ordinary components of 2-adic flat deformation rings 
can be controlled by some Kummer theory argument (which appeared in [KW09b, 
3.2.5] or [Kis09a, §2.4]), so essentially it is left to show Theorem 1.1(2). The 
main new ingredient in generalizing this to the case p = 2 is indeed proving the 
classification of connected finite flat group schemes over a 2-adic base [Kis09a, 
§1], which is based upon Zink's theory of windows and displays [ZinOl, Zin02]. 
(Note that Theorem 1.1(2) only concerns about non-ordinary components, so it 
suffices to work with "connected finite flat group scheme models".) The rest of the 
proof, including [Gee06, Ima08] which are added later, goes through without major 
modification, so we obtain Theorem 1.1(2). 

The purpose of this paper is to give another proof of Theorem 1.1 that does 
not use (the classification of) finite flat group schemes, and instead relies more on 
"linear-algebraic" tools from p-adic Hodge Theory. Indeed, the only possible place 
where we use finite flat group schemes in our proof is Fontaine's ramiflcation esti- 
mate of mod p flnite flat representations [Fon85]. As a consequence, we can remove 
the difficulty in proving the classification of connected finite flat group schemes 
(especially, over a 2-adic base) from the proof of modularity lifting theorem for 
potentially Barsotti-Tate representations. We remind that the full proof of Serre's 
modularity conjecture [KW09a, KW09b] uses the 2-adic modularity lifting theorem 
for potentially Barsotti-Tate representations. Another motivation for removing fi- 
nite flat group schemes from the proof is that it would be a sensible flrst step for 
the modularity lifting theorem with higher weight where no reasonable analogue of 
flnite flat group schemes for torsion representations is available. (We do not claim, 
however, that our proof gives any indication towards this generalization.) 

We point out that our technique is motivated by the author's study of posi- 
tive characteristic analogue of crystalline deformation rings (using the theory of 
Genestier-Lafforgue [GLIO] and Hartl [HarlO, Har09]). We include a section (§7) 
to sketch this positive characteristic deformation theory. 

1.2. Structure and overview of the paper. Let K be a finite extension of Qp, 
A'oo = K{ ''^v/tt) for a chosen uniformizer tt G K, Qk '■= Gal{K / K) and Qk^^ '■= 
G&l(K/Koo)- The main tool is the deformation theory of "^i<-^ -representations of 
height ^ 1" - in fact, we show that there exists a complete noetherian ring which 
classifies all "framed deformations of height ^ 1". See Theorem 3.2 for the precise 
statement. The surprising aspect of this theorem is that Qko^ does not satisfy the 
cohomological finiteness condition that ensures the finiteness of the tangent space 
of the "unrestricted" deformation functor. (See §3.1 for more discussions.) The 
main content of the theorem is that the deformation condition of "being of height 
^1" ensures the finiteness of the tangent space. In §2 we give a summary of Kisin 
theory [Kis06] to motivate the study of "^^oo -deformations of height ^ 1", as well 
as to state theorems from loc. cit. that will be constantly used throughout the 



Note that [Gco06] is sufficient for application to the modularity lifting. 
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paper. The existence of framed deformation ring of height ^ 1 (Theorem 3.2) is 
proved in §3. 

Another main ingredient of the proof is to compare the ^^^ -deformation ring 
of height ^ 1 and the crystaUinc deformation ring with Hodge- Tate weights in [0, 1] 
(or flat deformation ring, if you wish) . We show that the natural map between them 
given by restriction of Qk-s^cHoh to Qko^ is an isomorphism on the generic fibers 
(Theorem 5.2). In §5 we use Gabber's result [Kis07, Appendix] to the verification of 
a certain statement about 5_fs-^ -stable Zp-lattice in a crystalline ^^-representation 
(Proposition 6.1), and in §6 we prove this statement using strongly divisible S- 
modulcs. Our use of strongly divisible 5-modules is limited to constructing a Qk- 
stable Zp-lattice in a crystalline representation, and we will not use the subtle result 
of associating a strongly divisible S'-module to a p^-stable Zp-lattice. 

Theorem 5.2 finally reduces the proof of Theorem 1.1 to the proof of the anal- 
ogous (geometric) connectedness result for some ^if^ -deformation ring of height 
^ 1 (Proposition 4.7). This is done in §4. The main idea is to "resolve" a Qk^^- 
dcformation ring using "moduli of ©-modules". The linear-algebraic structure of 
the argument is very similar to that of Kisin's setting (i.e. resolution of a flat 
deformation ring via "moduli of finite flat group schemes"), and most of the linear- 
algebraic arguments (including the affine grassmannian computation in [Kis09b, 
§2.5], [Gee06], and [Ima08]) carry over to our setting. 

The results proved in §3 and §4 are inspired by the author's study of theor ana- 
logues in positive characteristic. As this positive characteristic result is of separate 
interest, we sketch this positive characteristic deformation theory and explain the 
analogy with the (p-adic) Pi^^ -deformation theory in §7. 

Acknowledgement. The author deeply thanks his thesis supervisor Brian Conrad 
for his guidance. The author especially appreciates his careful listening of my results 
and numerous helpful comments. The author thanks Tong Liu for his advice on 
the proof of Proposition 6.1 when p = 2. 

2. Review of Kisin theory 

Let fc be a finite extension of ¥p,^ W{k) its ring of Witt vectors, and Ko := 
W{k)[-]. Let K be a finite totally ramified extension of A'o and let us fix its 

algebraic closure K. We fix a uniformizer n £ K. and choose tt'"^ £ AT so that 
(7r("+i))P = 7r(") and tt^o) = n. Put K^o := Un^l^r*"^), Qk -^ Gal(K/K), and 
Gk^ := Gal(K/Ko,). 

Kisin [Kis06] gave a new classification of p-adic crystalline ^/f-reprcsentations 
using a certain kind of Frobenius modules which encode information of their re- 
strictions to Qk^ ■ (In particular, he showed that restricting the ^x-action to 
QKrya defines a fully faithful functor from the category of p-adic crystalline Q^- 
representations to the category of p-adic ^^^ -representations.) Furthermore, such 
Frobenius modules come equipped with a natural "integral" structure which cor- 
responds to^ii"^ -stable Zp-lattices. In this section we recall main results from 
[Kis06] and record some consequences to p°°-torsion ^^^^ -representations which 
will be needed later. Note that this section does not contain any original result. 



Most results in §2 holds when k is perfect. But we need k to be finite for the existence of 
(framed) deformation rings in the category of complete local noetherian rings. 
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Basic definitions and conventions. Let consider a ring R equipped with an endo- 
morphism a : R ^f R. (We will often assume that cr is finite flat.) By (iy9, R)-module 
(often abbreviated as a ip-module, if R is understood), we mean a finitely presented 
-R- module M together with an i?- linear niorphism ipM '■ ct*M — > M, where a* 
denotes the scalar extension by a. A morphism between to ((/?, i?)-modules is a 
yj-compatible _R-linear map. 

If R' is another ring equipped with a ring endomorphism a' : R' ^^ R' and 
/ : -R — > i?' is a ring morphism such that / o cr = cr' o /, then for any {tp, i?)-module 
M the scalar extension M (S)rj R' has a natural structure of {ip, i?')-module. 

2.1. Fontaine's theory of etale (/^-modules. Let & :— W{k)[[u]] where u is a formal 
variable. Let 0£ be the p-adic completion of &[-], and £ :— 0£[-] the field of 
fractions. Note that 0£ is a complete discrete valuation ring with uniformiser p 
and 0£/{p) = fc((u)). (Note that we should view the residue field fc((u)) as the norm 
field for the extension K^o/K . See [Win83] for more details.) We extend the Witt 
vectors Frobenius to 6, Og , and £ by sending u to u^ , and denote them by a. 
(We write erg instead, if we need to specify that it's an endomoprhism on ©, for 
example.) Note that a is finite and flat. Wc denote by <J*{-) the scalar extension 
by a. 

Definition 2.1.1. An etale (ip, 0£)-module (or simply, an Stale ip-module) is a finitely 
generated o^-module M equipped with an Og-lincar isomorphism ipM '■ cr* M — > M . 
We say an etale (^-module M is free (respectively, torsion) if the underlying 0£- 
module is free (respectively, p°°-torsion). 

We let Mod °^ [ip) denote the category of etale (v?, 0£)-modules with (/j-compatible 
Of-linear morphisms, and let Mod p*; ™''((/') and Mod p*.'*°'^(g?) respectively denote the 
full subcategories of free and torsion etale (/j-modules. Let Mod p*. ((/?)[-] denote the 

"isogeny category" for Mod °^'^'^°°((j?); i.e. the category defined by formally inverting 
the multiplication by p. 

There exist natural notions of subquotient, direct sum, (8)-product, and internal 
horn for etale (/^-modules. We respectively define the duals for free and torsion etale 
tp-modules using the o^r-linear duals and the Pontryagin duals with the induced 
(/^-structures. 

Let ^gur denote the p-adic completion of strict henselisation of 0£. We define a on 
?£u, to be the unique lift of the pth power map on the residue field which extends a 
on 0£, and the Q K^-s-ciw'o. on o^gur is the one that uniquely lifts the natural Q k^- 
action on k{{u)Y°P via the norm field isomorphism'' Qk^ — Gal{k{{u)yP / k{{u))) 
and fixes 0£. The existence and uniqueness of a and the Qk^ action on ?£ur are 
the consequence of the universal property of strict henselization. 

Let Repg {Qk^ ) denote the category of finitely generated Zp-modules equipped 
with a continuous ^i^^-action. Now we make the following definitions: 

(2.L2a) T^{M) := (M ®„, ^£^T=^ for M € Modf/(p), 

viewed as a Q K^-^t^odnle via its natural action on Ogur, and 

(2.L2b) D^{T):={T®oeOe-'f''^ for T e Repz^(g/f^), 

equipped with the iy9-structure induced from the natural one on ?£ur . 



See [Win83] for more details on the norm field isomorphism. 
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Theorem 2.1.3 (Fontaine [Fon90, §A1.2]). The assignments T_^ and D^ define 
quasi-inverse exact equivalences of ®- categories between Mod " {14}) andRep^ {Qk^)- 
An etale (p-module M is free of 0$ -rank r (respectively, torsion of Og -length r) if 
and only ifT^s^M) is free ofZp-rankr (respectively, torsion of Xp-length r). Fur- 
thermore the functors Tg and D_£ commute with suitable duality when restricted to 
free (respectively, torsion) objects. 

Remark 2.1.4. Since any Qp-representation of Gk,^ has a ^^^-stable Zp-lattice, 
Theorem 2.1.3 impHes that the functors Tg and D^ induce quasi-inverse equivalence 
of categories between the category of Qp-representations of Qk^ and the "isogeny 
category" of etale (/^-modules (i.e., the category of {ip , £)-raodu\es which are the 
form M[-] for some etale (^-module M free over Of). 

2.2. Kisin's "integral p-adic Hodge theory". We first introduce a new class of semi- 
linear algebra objects which classify crystalline ^/^--representations whose "integral 
structure" classifies ^i<-^-stable Zp-lattices. 

Let V{u) G W{k)[u] be the Eisenstein polynomial with V{7t) = normalized^ so 
that the constant term is p. We view 'P{u) as an element of 6 := M^(fc)[[u]]. 

Definition 2.2.1. For a non-negative integer h, a {(p,&) -module of V -height ^ h 
(or simply, a Lp-module of height ^ /i if © and 'P(u) are understood) is a finite 
free S-module 9Jt equipped with an ©-linear morphism ipm : ct*3JI — >■ 9Jl such that 
coker((psat) is killed by V{u)'^. 

We let Modg((p)^'' denote the category of (y9-modules of height ^ h with (p- 
compatible ©-linear morphisms, and let Mod g((j7)^^'[-] denote the "isogeny cate- 
gory" for Mod gfy?)^'': i.e. the category defined by formally inverting the multipli- 
cation by p. 

There exist natural notions of subquoticnt, direct sum, and {8)-product for (p- 
modules of height ^ h. Note that V{u) is a unit in Og, so for any 9Jt G Mod g(tf?)^^ 
the scalar extension dJl'^e Og (with ip<xfi ® idoj) is an etale (^-module. (In partic- 
ular, it follows that ip^n is injective.) We define a functor Tg : Mod gfyp)^^ — > 
Repz {Qk^) as follows: 

(2.2.2) T^''{m):^T^im(g>eO£){h), for anv 9Jt £ Modefo?)'^''. 

where T_£ is as defined in (2.1.2a) and T{h) for some T e Rep^ {Qk^) denotes the 
"Tate twist"; i.e., twisting the ^A'oo"action on T by XcvcIqk^ ■ 
Theorem 2.2.3 (Kisin). 

(1) The functor t|'' : Modg {p)^'' ^ Rep^^ {Gk^ ) is fully faithful. 

(2) IfV = T|''(5Jt)[i] for some DJl S Mod gfy?)^^, then for any QK^-stable 
"Lp-lattice T' <Z V there exists a Lp-module 9Jl' of height ^ h such that 
T'^Tf\Vn'). 

Proof. The full faithfulness of Tg is a restatement of [Kis06, Prop 2.1.12] using 
Theorem 2.1.3. For the second claim of the statement, one can repeat the proof 
of [Kis06, Lemma 2.1.15], keeping track of the P-height bound. (See [Kim09, 
Prop 5.2.9] for more details.) D 



°Thc usual notation for the Eisenstein polynomial is E{u) but we chose to use a different letter 
to minimize confusion with a finite extension E of Qp. See Example 2.2.7(3) for our choice of the 
normalization 7^(0) = p. 
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Let US discuss how </j-niodules of height ^ h are related to p-adic Hodge the- 
ory. Let A4J-{(p)^'^ ' and M.J^{(p,N)^°''^ ' ' respectively denote the categories of 
weakly admissible filtered (yj-modules and {if, iV)-modules with the associated grad- 
ing concentrated in degrees [0, /i], and let Rep[^\J{QK) and Repgt' {Qk) respec- 
tively denote the categories of crystalline and seniistable p-adic p/f -representations 
with Hodge- Tate weights® in [Q,h]. (See [Fon94b] for the definitions.) We view 
7W J"(^)™''°'''1 as a full subcategory oiMF(ip, iV)™''°'''l by "setting N = 0". By the 
fundamental theorem of Colmez-Fontaine [CFOO] , we have an equivalence of cate- 
gories V.^^{h) : AlJ'(v?,7V)^°'[°'''l ^ Repi°'''l(gK); D ^ V_^t{D){h) which restricts 

to an equivalence of categories HcrisC*) • ^^i.vTK ' ^ RepcAs [^ k)', D M' 
V_^^is {D) (h), where T^g^ and V.ciis are covariant functors defined by Fontaine [Fon94b] . 

Theorem 2.2.4 (Kisin). 

(1) There exists a diagram of functors 

(2.2.5) X^(^)^'^'[°'''lC ^XJ-(^,7V)^'^'[°'''l -Mod6(^)^'11/p] 



11™ C") 



y.tW 



which commutes up to equivalences, where res is defined by restricting the 
Q K-action to Qk^- 

(2) The composite AiJ-{(p)^°' ' — > Mod g(y))^^'[-] of arrows in the top row 
of diagram (2.2.5) is fully faithful and its essential image contains all the 
rank-1 objects. 

(3) Ifh^l then the functor A^J"(^)™"'["'^1 -^ Modg((p)^i[i] as in (2) is an 
equivalence of categories. 

Note the following marvelous consequence of the theorem: any p-adic crystalline 
5if-reprcsentation is uniquely determined by its restriction to Q k^ up to isomor- 
phism. 

Definition 2.2.6. A finite free Zp-module T with continuous ^i^:^ -action (which will 
be called a "Zp-lattice ^^^^ -representation" from now on) is of height ^ h ii there 
exists 9Jl G Mod ig((j?)^^ such that T = Tg (St); or equivalently, the etale (/J-module 
D_g{T{—h)) admits a (necessarily unique) iy9-stable ©-lattice dJl G Mod gfy))^^. 

A p-adic ^/<-^ -representation V is of height ^ ft, if there exists a ^/^^ -stable 
Zp-lattice which is of height ^ h (or equivalently by Theorem 2.2.3(2), if any Qk^- 
stablc Zp-latticc which is of height ^ h) . 

Example 2.2.7. 

(1) Theorem 2.2.4(1) asserts that the ^/^^ -restriction of V^ S R-cp^j' {Qk) is of 
height ^ h, and Theorem 2.2.3(2) implies that any Pi^^-stable Zp-lattice in 

V € RePst' \0k) is of height < h. Furthermore, Theorem 2.2.4(3) asserts 
that any p-adic ^/^-^ -representation of height ^ 1 extends uniquely up to 
isormorphism to a crystalline ^i<--representation with Hodge- Tate weights 
in [0,1]. 



For us, the p-adic cyclotomic character has Hodge- Tate weight 1. 



W.KIM 

(2) A Zp-lattice ^/f^ -representation T is unramificd if and only if T is of height 
^ (i.e. T conies from an "etale {^p, S)-module"). This can be seen either 
from Theorem 2.2.4(2) and the natural isomorphism QkooI ^k^ — ^ QkI^k 
induced by the natural inclusion, or alternatively by [Kim09, Prop 5.2.10]. 

(3) For an integer r G [0, /i], let ©(r) denote the rank-1 iy9-module equipped 
with (/3e(r) : cr*e i-> 7'(it)''e where e € S(r) is a (5-basis. Then the natural 



^if^-action on T^ (©(r)) is given by Xcy/lsK^ where Xcyc : 5k -^ Z, 



IS 



the p-adic cyclotomic character. (Here the normalization 7^(0) = p is used.) 
This can be proved by applying to this setup the construction of the arrows 
in the upper row of the diagram (2.2.5), which is done in [Kis06, §1.2]. The 
proof is done in [Kis09a, Lemma 2.3.4]. 

Remark 2.2.8. From Theorems 2.2.3 and 2.2.4(1) we obtain the classification of 
5^^ -stable Zp-lattices in a semi-stable 5if-representation via </?- modules of finite 
height. Tong Liu [LiulO] found an additional structure on (^-modules of finite height 
which can be defined if and only if the corresponding Qii^-stahle Z^-lattice is Qk- 
stable. But T. Liu's theory involves a ring whose structure is not well-understood. 

2.3. Torsion theory. We say that a p°°-torsion ^^-representation T is (torsion) 
crystalline with Hodge-Tate weights in [0, /i] if T = Tq/Ti for some ^^-stable lat- 
tices To, Ti in a crystalline p-adic ^/^--representation V with Hodge-Tate weights 
in [Q,h]. We similarly define (torsion) semi-stable ^^-representations. 

Except for some limited cases^ it seems to be very difficult to study torsion 
crystalline or semi-stable P/<--representations, but Kisin's theory outlined in §2.2 
provides a linear-algebraic tool to study their ^^^^ -restrictions. 

Definition 2.3.1. For a non-negative integer h, a torsion ((/?, &)-module of V -height 
^ h (or simply, a torsion ip-module of height ^ /i if © and V{u) are understood) is a 
finitely generated ©-module 9JT equipped with an ©-linear morphism (/Sgjt : a*dJl — )■ 
dJl with the following properties: 

(1) Some power of p annihilates DJl. 

(2) There is no non-zero w-torsion in 971; or equivalently by a theorem of 
Auslander-Buchsbaum, 971 is of projective dimension ^ 1 as a ©-module. 

(3) The cokcrnel of (p<xfi is killed by 'P{u)'^. 

We let (Mod 7©)^'' denote the category of i^-modules of height ^ h with ip- 
compatible ©-linear morphisms, and let (ModFI /©)^'' denote the full subcategory 
of objects 971 € (Mod/©)^'' which is isomorphic to ®j(©/p*)"' as a ©-module. 

There exist natural notions of subquotient, direct sum, and (Ei-product for </?- 
modules of height < h. Since the scalar extension 971 ®e 0£ (with (/jot ® ido^) is a 
p°°-torsion etale (/3-module*, we define a functor Tg : Mod g {'p)'^^ — )■ Rep^ {Qk^) 
in a similar manner to (2.2.2), as follows: 

(2.3.2) T%^{m):=Tj^{m®eO£){h), for any 971 e (Mod /©)^''. 

Note that this functor Te i^ "■''^ i^ general fully faithful.^ 



i.e., when we can use finite fiat group schemes or Fontaine-Laffaille theory 
Since 3Jt has no non-zero n-torsion, the natural map 2K — > 2K (>5g Oj is injective. By diagram 
chasing, it follows that tfgji is injective. 

The functor Tg is fully faithful only when eh < p ~ 1. See [Kim09, Prop 9.3.3] for the proof. 
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The following lemma, which is proved in [Kis06, Lemma 2.3.4], motivates Defi- 
nition 2.3.1, especially the condition (2). 

Lemma 2.3.3. A 6-module DJl equipped with a &-linear map ip^x : a*DJl — ^ 971 
is a torsion (p-mdoule of height ^ h if and only if dJl ^ coker[/ : 9Hi — > QJIq] 
for some 9Jlo,9Jti G Mod gfc/?)^^ and a ip-compatible map f such that f Cg) Qp is 
an isomorphism. Furthermore, we have a natural Qk,^ -isomorphism Tg (9Jl) = 
cokerTf(/). 

Definition 2.3.4. A finite torsion Zp-module T with continuous ^^^ -action (which 
will be called a "torsion ^jf^ -representation" from now on) is of height ^ /i if the 
following equivalent conditions satisfy: 

(1) For some 971 e (Mod /©)'?'*, there is a ^/^^ -isomorphism T ^ T|''(9JI). 
(We say that such 97T is a & -module model of height ^ h for T.) 

(2) For some 97l€ (Mod /6)^'', wc have an isomorphism 97T(g)60£ = I?!'' (^'(-/i)) 
as etale (p- modules. (We say that such 971 is a &-submodule of height ^ h 
in the etale iy9-module D.^ '(T(— ft,)).) 

(3) There is a ^/^^^ -isomorphism T = Tq/Ti where Tq and Ti are Zp-latticcs 
^/^^ -representation of height ^ h. 

The claimed equivalence easily follows Lemma 2.3.3 and Theorem 2.1.3. By 
Example 2.2.7(1), the ^if^ -restriction of a torsion semi-stable ^/^-representation 
with Hodge- Tate weights in [0, h] is of height ^ h. Note that 971 as in (1) and (2), 
is not in general unique^", nor does there exists a natural choice. 

The following theorem,which we call the Breuil-Kisin classification of finite fiat 
group schemes, will not be used later in this paper, but it provides a motivation to 
study (Mod/e)^'' (at least when h = 1). 

Theorem 2.3.5 (Classification of finite flat group schemes). Ifp > 2 then there exists 
an exact equivalence of categories G from (Mod/6)^^ to the category of finite fiat 
group schemes of p-power order over Ok such that G{d7l){K)\g^ = Tg (971) for 
anydJle (Mod/6)^^ 

See [Kis06, §2.3] for the proof. When p — 2 one has a similar classification 
for connected finite flat group schemes; see [Kis09a, §1] for the statement and the 
proof. 

2.4. (5-submodules of height ^ h. As remarked previously, there is no a priori 
canonical choice of 6-module models for a p°°-torsion ^x^o -representation. This 
becomes a problem when we try to use torsion 6-modulcs to study deformations 
of 5;<-^ -representation. The results in this section is needed to handle difficulties 
arising from this "non-canonicity". 

2.4.1. Let A be a p-adically separated and complete topological ring^^, (for 
example, finite Zp-algebras or any ring A with p^ ■ A = for some N). Set 
&A '■= &'S^i,pA := lim &(E)ZpA/Ia where {la} is a basis of open ideals in A. 



"if eh < p — 1 where e is the absolute ramification index of K, then such 9)t is unique up to 
isomorphism. 

For us topological rings arc always linearly topologized. Later we need to consider coefficient 
rings that are not finite Zp-algebras such as A = F[i], especially for analyzing the connected 
components of the generic fiber of a deformation ring. 
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We define a ring endoniorphisni a : <5a — > 6a (and call it Frobenius endomor- 
phism) by y4-linearly extending the Frobenius endoniorphisni erg . We also put 
Os,A ■= Os®ZpA := lim^ Og^ZpA/Ia and similarly define a : Os^a -> 0£,A- 

Let (ModFI/6)^ ' be the category of finite free Sy^-modules DJIa equipped with 
a ©^-linear map (pmA ■ <^*iP^A) — > 2Ra such that V{u)^ annihilates coker((yagr,iA)- 
If A is finite artinean Zp-algebra, then QJl^i € (ModFI/6)^ is precisely a torsion 
(<y9, 6)-niodule of height ^ h equipped with a iy9-conipatible A-action such that 371^ 
is finite free over &a- 

Similarly, let (ModFI/of)^! be the category of finite free og.A-modules Ma 
equipped with a Of^A-linear isomorphism </?a/^ : (T*(M^) — > Ma- If A is finite 
artinean Zp-algebra, then one can check that T^ and D_£ as in Theorem 2.1.3 induce 
quasi-inverse equivalences of categories between (ModFI/o^)^ and the category of 
^if^ -representations over A}^ 

Lemma 2.4.2. Let A he as in §2.4.1 and let Ma e (ModFI/©)^''. 

(1) The map frntA *'S injective. 

(2) The & A / {{V {u)^) -module cokcr((^OT^); viewed as an A-module via scalar 
restriction, is flat over A. 

Proof. One can easily reduce to the case when A is discrete. The injectivity of 
'/'Ota follows from a simple diagram chasing using the fact that the og^^-linear 
extension of v^sHa is an isomorphism on QJIa ®&a Os,a, and that the natural map 
Ota — >■ Ota ^Ga ^£A is injective. 

To show (2), observe that the exact sequence 

-^ cr*OT^ ^^^ Ota -^ coker((pQji.4) ^ 

stays short exact after applying A/I ®a (•) for any ideal I <Z A. Hence, (2) follows 
from standard facts about flatness (e.g. by [Bou89, Ch.I §2.5 Prop 4], or by an 
argument using Tor^^ .) D 

2.4.3. Let us define duality on (Mod/6)^'' which is an analogue of Cartier 
duality. For OT € (Mod/6)^'' we define the dual of height h to be OT^ := 
Home(OT, ©f-!-]/©) equipped with a ©-linear map ipm^' ■ o'*OT^ —>■ OT^ defined 
as follows: 

(2.4.4) ((Potv(/))(to) - l{ip-\V{u)''m)), 

where m G OT and / € cr*(OT'^) = Hom6(cr*OT, ©[i]/©). This makes OT"^ as an 
object in (Mod /©)'?''. 

We similarly define OT^ for OTa G (ModFI /©)^ ' using ©A-linear duality instead 
of Pontryagin duality. When A is finite, these two definitions of OT^ are compatible. 

Proposition 2.4.5. Any subquotients and direct sums of torsion Qk^ -representations 
of height ^ h is of height ^ h. 

Proof. The assertion about direct sums is obvious. Now consider a short exact 
sequence — >■ M' — ;► M — >■ M" -^ of p°°-torsion etale i/j-modules and assume that 
there is a t/J-sbable ©-submodule OT € (Mod/©)^'' in M such that m®eO£ = M. 
Let OT" be the image of OT by M -» M" and OT' the kernel of the natural map 



The relevant freeness follows from length consideration. 
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m -^ 971". One can check that M' and M" arc objects in (Mod/e)^'' such that 
9^' (8)0 Of = M' and 9JT" ®is Og = M" . Now the proposition foUows from the 
exactness oi D^ and Tg (Theorem 2.1.3). D 

2.4.6. Let AI be a p°°-torsion ctalc (^-module, and DJl,Dyi' C M be ©-submodules 
of height ^ h (as in Definition 2.3.4(2)). One can check that the {ip, ©)-submodules 
M + M' and 9Jln9}t' of A/ are also objects in (Mod/©)^'\ hence are 6-submodulcs 
of height ^ h in AI. Therefore, inclusion defines a partial ordering for the set of 
©-submodules of height ^ /i in Af . The following lemma further shows that this 
set is bounded. 

Lemma 2.4.7. Let M be a p°° -torsion Stale ip-module which admits a &-submodule 
of height ^ h (defined in Definition 2.3.4(2)). Then there exist the maximal and 
the minimal @ -submodules of height ^ h (denoted by QJt'*' and 9Jt~, respectively) 
with respect to the partial ordering given by inclusion. In particular, there are only 
finitely many &-submodules of height ^ h. 

Proof. Let M be as in the statement. In order to prove the lemma, it suffices to show 
the existence of the maximal 6-submodule 971+ C M of height ^ h; the existence of 
the minimal 6-submodule 97t~ C AI of height ^ h follows via the duality defined in 
§2.4.3, and the finite assertion follows since 97t+/97t^ is an artinean module (being 
killed by some powers of p and u). 

In order to show the existence of dJl^ C AI, it is enough to handle the case when 
p-AI = by a devissage argument using Proposition 2.4.5. Now, assume that there 
exists 97t S (Mod/©)^'' with 97l[i] = Af and p • 93T = 0. Consider the following 
algebras 

(2.4.8) Am := , ^y^"°^/(^)(^^^) ^, and A^ - ^^-^/(^)(^) 



{mP — ip{a*m) : m e AI) ' {mP — ip{a*m) : m G 971) 

Clearly, Am is finite flat over &/{p) with Aii;[i] = Am since 971 is finite flat over 
&/{p) with 97l[i] = AI. Note also that Am is an ctale algebra over 0£/{p) since AI 
is an ctale (^-module. If 93T' C AI is another ©-submodule of height ^ h containing 
971, then Am' is finite over Am and we have Am' [-] = Am. But the integral closure 
of Am in Am is finite over Am since Am is etale^'^, so the set of ©-submodules of 
height ^ h in AI is bounded above. D 

Note that any (yO-compatible map / : A/ — > AI' of p°°-torsion ctale (y9-modules 
restricts to a map 971+ -^ 97t' between the maximal ©-submodules of height ^ h. 
Using this, we obtain the following useful corollary: 

Corollary 2.4.9. Let ¥ be a finite extension of¥p, and p a Qk^^ -representation 
over F which is of height ^ h as a torsion Q Ko^ -representation (in the sense of 
Definition 2.3.4). Then there exists Mr e (ModFI/©)|'' such that Tf'iMw) = p. 

Proof Put AI := Df\p{~h)) and let 971f := 97t+ C AI be the maximal ©- 
submodule of height ^ h. Then the (^-compatible F-action on AI (induced by the 
scalar multiplication on p) induces a (^-compatible F-action on 971f, which makes 



•^Since Ajij is ctale, the "generic trace pairing" Ajv/ ®0£/{b) ^a/ ~^ OeKp) is perfect. The 
integral closure of ylajj is therefore contained in the Ojf -linear dual of A<jji embedded in Aj^i via 
the "generic trace pairing", and this is a finitely generated y(lfoi-module. 
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9Hf a projective Sp-niodule. (Note that Sf is a product of copies of a discrete val- 
uation ring.) To show 9JIf € (ModFI/©)^ ' it is left to show that QHf is free over 
©F, but this follows because the endomorphism u : ©f — > ©f transitively permutes 
the orthogonal idempotents of ©f- □ 

Remark 2.4.10. Corollary 2.4.9 does not fully generalize to a ^/f^ -representation 
Pa of height ^ h over a finite artinean Zp-algebra A. Assume that he ^ p where 
e is the absolute ramification index of K, and consider F[e] where e^ ~ 0. Let M 
be a rank-1 free Of^F[e]-module equipped with (Pm{<^*^) = {'P{u)'^ + ie)e for an 
Oe,F[e]-basis e S M. Let 2)1 be a ©p-span of {e, ^ee} in M. Then 2t C M is a ©- 
submodule of height ^ h (using that he ^ p), but one can check that there cannot 
exist a ©-submodule of height ^ h which is rank-1 free over ©f[c]."'^'* Note also 
that 9H above is the maximal ©-submodule of height ^ h and has a <y9-compatible 
F[e]-action induced from M, but 9JI is not projective over ©F[e]- This is where the 
proof of Corollary 2.4.9 fails. 

Proposition 2.4.11. A 'Lp-lattice ^/<-^ -representotion T is of height ^ h in the sense 
of Definition 2.2.6 if and only if T/p^T is of height ^ h for each n in the sense of 
Definition 2.3.4- 

Idea of Proof. This proposition is proved in [Kim09, Prop 9.2.6] (c/. [Liu07, Thm 2.4.1, 
§4.4]) and here we only indicate the main idea. The proposition follows from the 
same argument as the proof of Raynaud's "limit theorem" for Barsotti-Tate rep- 
resentations [Ray 74, Prop 2.3.1], but working with torsion ©-modules of height 
^ h instead of finite flat group schemes. This is possible, provided that we have 
suitable analogues of generic fiber, prolongations (with a notion of partial order- 
ing), schematic closure and Cartier duality. The analogue of Carticr dual 9Jt^ for 
DJl G (Mod/©)^'* is introduced in §2.4.3. The analogue of the generic fiber for 
torsion (/j-modules of height ^ /i is the p°°-torsion etale (/j-module obtained by ex- 
tending scalars to Og, and the analogue of prolongation is a ©-submodule of height 
^ ft, in a torsion etale (^-module in the sense of Definition 2.3.4(2) with partial or- 
dering given by inclusion, which is bounded by Lemma 2.4.7. For D)l G (Mod /©)^'' 
and a surjective map / : 9Jt ®e 0£ -» M' of etale (^-modules, /(SXt) serves as the 
analogue of "schematic closure of M' in 9Jt". Note that /(5H) is a torsion (/?- module 
of height ^h. D 

We end this section by stating Kisin's theorem on the existence of (potentially) 
crystalline and semistable deformation rings. Let F be a finite field of characteristic 
p, a p-adic discrete valuation ring with residue field F, and p : Qk — > GLd(F) a 
representation. Let i?° be a universal framed deformation ring of p over o, which 
exists by Mazur's theorem [Maz89]. Let p° be the universal framed deformation of 

Theorem 2.4.12 (Kisin). There exists unique o-flat quotients i?(.ris '^"■'^ -^st "/ 

BP such that for any finite Qp-algebra A a morphism ^ : i?° — > A factors through 

■^cr'is ' (respectively, R^^ ' ) if and only if p° ®r^^A is crystalline (respectively, 
semi-stable) with Hodge-Tate weights in [0, /i] as a Q k -representation over Qp in 



One way to see this is by directly computing the "i/j-matrix" for any Ogpr^i -basis e' S M, 
and show that it cannot divide Viu) . 
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the sense of Fontaine [Fon94b] . A similar statement holds for (unframed) universal 
deformation rings if they exist. 

Note that the mapping properties in the coroUary above only characterize the 
generic fibers^^ -^cris ' [~] ^^^ -^st ' [~] ^-^ quotients of i?°[-], so the unique- 
ness assertion follows from requiring that the quotients are o-flat. These quotients 
R^^ls ' and R^^ ' were first constructed by Kisin [Kis08, §2]. Later, T. Liu [Liu07] 
gave more "conceptual" construction of these quotients by proving the "limit theo- 
rem" (i.e., the natural analogue of Proposition 2.4.11) for crystalline and semi-stable 
5if-representations with bounded Hodge- Tate weights. 

Using [Kis06, Corollary 2.2.6] and Raynaud's "limit theorem" [Ray 74, Proposi- 
tion 2.3.1], it follows that -Rcr'/s ' — i?fl/(p°° -torsion) where R'^ is a framed flat 
deformation ring. We do not use this result, as we solely work with i?(,r'is ' ■ 

3. 5k^ -DEFORMATION RINGS OF HEIGHT < k 

3.1. Let F be a finite field of characteristic p, and poo '■ Qk^ ~> GLc;(F) a repre- 
sentation. Let be a p-adic discrete valuation ring with residue field F. Let 2t9lo 
be the category of artin local o-algebras A whose residue field is F, and let SllHo be 
the category of complete local nocthcrian o-algcbras with residue field F. 

Let Doc, D^ : 2l9lo ~^ (Sets) be the deformation functor and framed deformation 
functor for poc- For the definition, see the standard references such as [Maz97, 
Maz89, GouOl]. Contrary to local and global deformation functors we usually 
consider, these functors cannot be represented by complete local noetherian rings 
since the tangent spaces £)oo(IF[e]) and £)^(F[e]) are infinite dimensional F- vector 
spaces. See §3.6 for more details. 

We say that a deformation poo,A over A e 2l*H(, is of height ^ /i if it is a torsion 
^/i"^ -representation of height ^ ft, as a torsion Zp[^/f^]-module; or equivalently, if 
there exists 9JI £ (Mod/S)^'* and an isomorphism Tg (971) = Poo.A as 'Zp[GK^]- 
modules. For A € 2l9l(,, we say that poo.A is of height ^ ft, if poo,A ® A/m\ is 
a deformation of height ^ h for each n. When A £ 2l*Ho, both definitions are 
compatible by Proposition 2.4.5. When A is finite fiat over Zp, a deformation 
Poo, A over A is of height ^ ft if and only if Poo,A is of height ^ ft as a Zp-lattice 
^if^ -representation (in the sense of Definition 2.2.6), by Proposition 2.4.11. 

Let D^ C Z^oo and D'^^^ C D^ respectively denote subfunctors of deforma- 
tions and framed deformations of height ^ ft. The main goal of this section is to 
prove the following theorem: 

Theorem 3.2. The functor D^ always has a hull. If Endg^ {Poo) — ^ then 
D^ is representahle (by R"^ G 2l*H(,/ The functor Dj^^'' is representable (by 
i?^'^'' G 2l*Ho^ with no assumption on poo- Furthermore, the natural inclusions 
D^ ^->- Doo and D'^'^^ ^->- D'^ of functors are relatively representable by surjective 
maps in St^H^ . 

We call i?!^^'' the universal framed deformation ring of height ^ ft and R"^ the 
universal deformation ring of height ^ ft if it exists. We give a proof later in this 



^^Notc that ij'-' [-] is a Jacobson ring so the properties uniquely determines R^j!^^ ' [-] and 
Rs^t''"'"'!^] if they exist. 
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section (§ 3.6 and onward), and simply remark that the hard part of the proof is 
to show that the tangent space of D^ is a finite-dimensional F-vector space. 

We record a few consequences of Theorem 3.2. Firstly, wc obtain the following 
result which was proved by Kisin [Kis08, Prop 1.6.4(2)] via different method: 

Corollary 3.3. Let poo.R be a Q K^-representation over R € 219^0. Then there 
exists a quotient i?^'* of R such that for any finite W (k)\-\-algehra A, a map 

£, : R ^ A factors through i?^'* if and only if poo,K ®/e,c A is of height ^ h as 
Q K^ -representation over Qp (in the sense of Definition 2.2.6). 

Note that the above mapping property uniquely determines i?^'*[i] because R[-] 
is a Jacobson ring. For the proof of the corollary, we set i?^'' to be the universal 
quotient of R of height ^ h (as in Theorem 3.2), and this satisfies the desired 
mapping property by Proposition 2.4.11. 

Let p : Qk — > GLd(F) be a representation and set poo := pIsk^ ■ Let R^<^ ' and 
i?(.j.ig ' ' respectively denote semi-stable and crystalline framed deformation ring of 
p, and R'^'^^ is the universal framed deformation ring of poo with height ^ h. 

Corollary 3.4. Restricting to Q k^ induces the following morphisms: 

The same holds for deformation rings (without framing) i/Endg^, (Poo) — F. 

Proof. Let i?° be the universal framed ^/^-deformation ring of p, and i?'-''^'' the 
universal quotient of i?° with height ^ h (obtained by applying Corollary 3.3 to 

R = i?°). Kisin [Kis08, §2] constructed i?°t''°'''' and i?°.f '''' as quotients of i?°'^'*, 
so the corollary follows. 

Alternatively, if one uses T. Liu's construction of R^^ ' and i^^ris ' as in 
[Liu07, Theorem 1.0.2], then the corollary follows from the observation that the 
^/^-^ -restriction of torsion semi-stable ^^-representation with Hodge- Tate weights 
in [0, h] is of height ^ h (by Example 2.2.7(1) and Definition 2.3.4). D 

Remark 3.5. Kisin's full faithfulness result (Theorem 2.2.3(1)) implies that res^jg (8)z 
induces a surjection on completions at any maximal ideal of i?^^'' ^Zp Qp- We 
will show that res^jg (E)z Qp is an isomorphism when p > 2 (and a weaker state- 
ment when p ~ 2). On the other hand, reS(^j.;g is not in general an isomorphism; 
the dimensions of the source and the target are not same at a maximal ideal of 
-^cris [~] which corresponds to a lift which has two Hodge- Tate weights whose 
difference is at least 2. See [Kis08, Theorem 3.3.8] and [Kim09, Corollary 11.3.11] 
for the dimension formulas. 

3.6. Resume of Mazur's and Ramakrishna's theory. Given a functor D : 2l9lo -^ 
(Sets), Schlessinger found three conditions (H1)-(H3) which are equivalent for D to 
have a hull. He also showed that D is pro-representable if and only if D satisfies an 
additional condition (H4). For the statement and a proof, see [Sch68, Thm 2.11]. 

Mazur [Maz89, §1.2] showed that for a profinite group F and a continuous F- 
linear F-representation p, the deformation functor for p always satisfies (H1)-(H2), 
and satisfies (H4) if Endr(p) = F (e.g. if p is absolutely irreducible). Furthermore, 
Mazur showed that the framed deformation functor for p always satisfies (HI), (H2) 
and (H4) with no assumption on p. 
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On the other hand, framed or unframed deformation functors for arbitrary F 
do not automatically satisfy (H3) (i.e., the tangent space is a finite-dimensional 
F- vector space). The condition (H3) is satisfied when T is p- finite in the sense of 
[Maz89, §1.1]), and this is the case when T is either an absolute Galois group for 
a finite extension of Qp, or a certain quotient of the absolute Galois group of any 
finite extension of Q. Unfortunately, Qk^ does not satisfy the p-finiteness, and 
in fact (H3) fails even when pac is 1-dimcnsional. To see this, consider the coho- 
mological interpretation of the tangent space; i.e., Doo(lF[e]) == H^(A'oo, Ad(poo)), 
where Ad(poo) := (Poo)* '^w Poo and Doc is the deformation functor for p^o- If Poo 
is 1-dimensional, then Ad(poo) is the trivial 1-dimensional ^k^ -representation, so 
H^(A'oo, Ad(poo)) — Homcontl^ATooiIF). We can see this is infinite from the norm 
field isomorphism Qx^ya — Gal{k{{u)yP / k{{u))) and the existence of infinitely many 
Artin-Schreier cyclic p-extcnsions of k{{u)). For a finite dimensional poo, one sees 
that the deformation and framed deformation functors Doo and _D|^ never satis- 
fies (H3) from deforming the determinant^^, and in particular these 'unrestricted' 
deformation functors are never represented by a complete local noetherian ring. 

Now, let us look at the subfunctors D^^ C -Doo and D'^^'^ C D'^ which consist 
of deformations of height ^ h (as defined in §3.1). We have seen, in Proposition 
2.4.5, that these subfunctors are closed under subobjects, quotients, and direct 
sums. Under this setup, Ramakrishna proved that if the ambient functor satisfies 
(Hi) for some i =1, 2, 3 or 4, then so does the subfunctor. (For more details, see 
the proof of [Ram93, Theorem 1.1], or §25 and §23 of [Maz97].) 

Applying this to our setup, we obtain the following results. 

(1) The functor D"^ always satisfies (H1)-(H2), and satisfies (H4) if we have 

Endg^^{poo)=¥. 

(2) The functor D'^'^'^ always satisfies (HI), (H2), and (H4) with no assump- 
tions on Poo- 

Therefore, for the representability assertion of Theorem 3.2 it remains to check 
(H3)^^ for I?^'' and D^^^. Before doing this, let us digress to show the relative 
representability of the subfunctor I?^'' C -Doo, which "essentially" follows from the 
discussion above on Ramakrishna's theory. 

Proposition 3.7. The subfunctor D"^ C Doo is relatively representable by surjective 
maps in 215H(, . In other words, for any given deformation pA over A € %d\o , there 
exists a universal quotient A'^^ of A over which the deformation is of height ^ h. 

Proof. Consider a functor \)a '■ 2t9^o -^ (Sets) defined by i)A{B) := Hom(,(_B,j4) for 
B E 2l*Ko> and a subfunctor t)^ C ^a defined as below: 



f) j'(S) -.^ {f : B ^ A such that pA <S)aj B is of height ^ h} , 

if 



where B <E SllHo- Since i)A is prorepresentable and the subfunctor f)"r is closed 



under subquotients and direct sums, it follows that ()"r is prorepresentable, say by 



For any F[e] -deformation dct(poo) + e-c of det(poo) (where c : Qk — > -F is a cocycle), the 
/c ...\ 

deformation Poo -I- e-c with £ := I has determinant det(poo) + e-c. 

Even though (H3) is false for Doo and -D^, one can hope that suitable subfunctors of them 
satisfy (H3). 
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a quotient A^'^ of A. It is clear that A^'' satisfies tlie desired properties, (c/. the 
proof of [Ram93, Theorem 1.1].) D 

Now let us verify (H3) for D^ and I?J^^'', thus prove the representability as- 
sertion of Theorem 3.2. 

Proposition 3.8. The tangent spaces D^ {¥[e]) and D'^'^''' {¥[e]) are finite- dimensional 
¥-vector spaces. 

Proof. Since L'^^''(F[e]) is a torsor of Si(n)(F[e])/(l+e Ad(poo)^^-) over £'^''(F[e]), 
it is enough to show that the set D^''(F[e]) is finite. We proceed in the following 
steps. 

3.8.1. Setup. We use the notation introduced in §2.4.1. Let M := D.s{Poo{—h)) 
and consider (M, t), where M g (ModFI/o£)^[^j and i : U ^ M (g)f[^] F is a </?- 
compatible Og^p-linear isomorphism. Two such lifts (Af, t) and {M' , l') are equivalent 
if there exists an isomorphism f : M ^ M' such that (/ mod e) o t = t'. Theo- 
rem 2.1.3 implies that T_g{-)[h) and D^i'i—h)) induce inverse bijections between 
Doo{¥[e]) and the set of equivalent classes of (M, /,). 

Now assume that there is a (p-stable ©p-lattice 9Jl C M of height ^ h, viewing 
M as a og^F-module. By Corollary 2.4.9, the set of equivalence classes of such {M, i) 
exactly corresponds to D^{¥[e]) via the bijections in the previous paragraph. So 
Proposition 3.8 is equivalent to the following claim: 

Claim 3.8.2. There exists only finitely many equivalence classes of {M, l) where M 
admits a ip-stable &f -lattice which is of height ^ h. 

3.8.3. Strategy and Outline. One possible approach to prove Claim 3.8.2 is to fix 
a 0£_F-basis for M and a lift to an Ogj-rji -basis for each deformation M once and for 
all, and identify M with the "iy9-matrix" with respect to the fixed basis and interpret 
the equivalence relations in terms of the "(/j-matrix." Then the problem turns into 
showing the finiteness of equivalence classes of matrices with some constraints - 
namely, having some "integral structure"; more precisely, having a (^-stable &w- 
lattice with height ^ h (but not necessarily a Sf [e]-lattice). So the fixed basis has 
to "reflect" the integral structure. 

This approach faces the following obstacles. First, the deformations M we con- 
sider do not necessarily allow any (^-stable (S^fej-lattice with height ^ h as we have 
seen at Remark 2.4.10. In other words, we cannot expect, in general, to find a 
Oe,F[e]-basis {ci} for M in such a way that {e^, eCj} generates a ©^-lattice of height 
^ h. In §3.8.4-§3.8.6 we show that a slightly weaker statement is true. Roughly 
speaking, we show that there is an Og^Fi^j-basis {ei} for M so that there exists a 
(/3-stable ©F-lattice with height ^ h with a ©f-basis only involving "uniformly" 
u-adically bounded denominators as coefficients relative to the Ogj-basis {ei,e-ei} 
of M. 

Second, we may have more than one ip-stahle ©^-lattice with height ^ h for 
M or for M, especially when he is large. In particular, a fixed ©F-lattice for M 
may not be nicely related to any 93-stable ©F-lattice with height ^ h for some lift 
M e (ModFI/o£:)pM. We get around this issue by varying the basis for M among 
finitely many choices. This step is carried out in §3.8.8. In fact, we only need 
finitely many choices of bases because there are only finitely many ©F-lattices of 
height ^ /i for a fixed M, thanks to Lemma 2.4.7. 



GALOIS DEFORMATION THEORY 17 

Once we get around these technical problems, we show the finiteness by a cr- 
conjugacy computation of matrices. This is the key technical step and crucially uses 
the assumption that the F[e] -deformations wc consider (or rather, the corresponding 
etale (/?- module A/) admits a (/s-stablc ©p-lattice with height ^ h (in M). See Claim 
3.8.9 for more details. 

3.8.4. Let AI correspond to some F[e]-deformation of height ^ h. Even though 
there may not exist any ip-stahle ©^[j] -lattice with height ^ h for M, we can find a 
(^-stable ©F-lattice dJl with height ^ h such that 2H is stable under multiplication 
by e.^^ In fact, the maximal S-submodule 971"^ C M among the ones with height 
^ h docs the job, as remarked above Corollary 2.4.9. 

3.8.5. For a ©F-lattice 9Jt C M of height ^ h which is stable under the e- 
multiplication, we can find a ©p-basis which can be "nicely" written in terms of 
some Og ]F[j]-basis of M, as follows. Let 9Jl be the image oidJl —>■ M induced by the 
natural projection M —>■ M, which is a ip-stahlc ©p-lattice with height ^ h in M . 
Now, consider the following diagram: 




where D1 := Ker[9Jl -» 9Jt] is a (p-stable ©p-lattice with height ^ h in M . We choose 
a ©p-basis {ei, • • • , e„} of QJt. Viewing them as a o^j-basis of M , we lift {ci} to 
an 0£_F[e]-basis of M (again denoted {ci}). By assumption from the previous step, 
we have ®"^i ©F-(eei) C 0^, where both arc ©p-lattices of height ^ h for e-M. 
It follows that (^e)ei form a ©p-basis of 91 for some non-negative integers r^. 
Therefore, {e.i, {-^ejei} is a ©p-basis of 9JT. 

3.8.6. In this step, we find an upper bound for the non-negative integers r.i only 
depending on 93t and the choice of ©p-basis of 2t. Since 91 is a (^-stable submodule, 
it contains 



w 



uPTi ^OT^ *^ ~ uPn" /l^"y"J' 



where a^ € ©p satisfy ip^{f7*ei) = X^i^i '^y^j- Note that wc obtain the first 
identity because LpM{'^*&i) lifts Lp-^{a*ei) and the e-multiple ambiguity in the lift 
disappears when we multiply against e. Since any element of 91 is a ©p-linear 
combination of {—p-e)ei, we obtain inequalities ord„(a2j) — pvi > —rj for all i,j 
from the above equation (3.8.7). Let r := maxj{rj} and we obtain pr^ < r + 
minj{ord„(Q;ij)} for all i. (Note that the right side of the inequality is always 
finite.) Now, by taking the maximum among all i, we obtain 

r < max { min{ordti(ay)}} < oo 

This shows that the non-negative integers r^ has an upper bound which only de- 
pends on the matrices entries for (p^ with respect to the ©p basis of 93t. 



This means that OT is a (/^-module over ©fIc] ^'^'^ i^ projective over Sf, but Wl does not have 
to be a projective SF[e]-nioduIe. Hence, such OT may not be an object in (ModFI/S)^, ,. This 
actually occurs: OT = Sp-e © Sf'( — ee) discussed in Remark 2.4.10 is such an example. 
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3.8.8. Recapitulation. Let {DJl } denote the set of all the ©F-latticcs of height 
^ ft, in M. This is a finite set by Lemma 2.4.7. For each DJl , we fix a &w- 
basis {ej^"-^} and let a'"' ~ i'^ij ) ^ Mat„(©F) be the "iy9-matrix" with respect to 
{e^"^}; i.e., ip—^^^ (a* ef^ ) = Z]"=i "ij 4° • We also view {ef^ as a Ogj-basis 
for AI and {al^ ) is the matrix for ipjj with respect to {Gj-"-^}. Note that [a]^ ) is 
invertible over o^^p since M = *Xt [-] is an etale (^-module. We pick an integer 
1" ^ ^zj niaxi { minj{ord„(ajj)}}, for each index a. 

For any M which corresponds to a deformation of height ^ ft, we may find a 6^- 
lattice DJl C M of height ^ ft which is stable under e-multiplication. (See §3.8.4.) 

The image of 971 inside M is equal to some 9Jl . Lift the chosen basis {e-"'} to an 
Oe,F[e]-basis for M. Then 9Jl admits a ©p-basis of form {e,-° , (^e)e,^° } for some 
integers n < r'^"^ (§3.8.5-§3.8.6). 

Let us consider the matrix representation of ipM with respect to the basis {e,^" }. 

We have ifMie'l"^) = E,(a? + e/^J^)^"^ ^^^ ^o™° ^^'"^ = (4"') ^ Mat„(o£,F) 
because (pM lifts ipjj. Furthermore we have that /3 G ^^•Mat„(©F) since 971 C M 
is (/9-stable. We say two such matrices /3 and P' are equivalent if there exists a 
matrix X € Mat„(o£,F) such that /?' = /? + (a(")-(T(X) - X-a^"'^). This equation is 
obtained from the following: 

(a('^) +e/3') = (Id„ +eX)-i •(«(") +6/3) •CT(Id„+eX), 

which defines the equivalence of two etale (^-modules whose (/^-structures are given 
by {a^°-'> + e(3) and {a'^"-^ + e/3')i respectively. 

Now, the theorem is reduced to the verification of the following claim: for each 
a, there exist only finitely many equivalence classes of matrices (3 S — |^-Mat„(©F). 
Indeed, by varying both a and the equivalence classes of /3, we cover all the possible 
lifts M of "height ^ ft" up to equivalence, hence the theorem is proved. 

From now on, we fix a and suppress the superscript {■p°'' everywhere. For 

example, 97t := 97t , r :— r'^°-\ and a := a'-"-\ Proving the following claim is the 
last step of the proof. 

Clsdm 3.8.9. For any X £ u^Mat„(©F) with c > 2he, the matrices f3 and f3 + X 
are equivalent}^ 

This claim provides a surjective map from (^ •Mat„(©F)) / (u'^-Mat„(©F)) onto 
the set of equivalence classes of /3's, and the former is a finite set^", thus we conclude 
the proof of Proposition 3.8. 

We prove the claim by "successive approximation." Let 7 = it'"^-a^^. Since 97t is 
of height ^ ft and V{u) has image in ©f = (fc (8)f ]F)[[m]] with u-order e, we know 
that 7 G Mat„(6F). We set Ft^' := -^-{Xj), which is in «'=-'''= Mat„(©j;^) by the 
assumption on X . Then /3 + X is equivalent to 

il3 + X) + (a-CT(y(i)) - y(i)a) =13 + a-a{Y'^^^) =: /? + X'^^^ 



^The inequality c > 2he is used to ensure p(c — he) > c. Therefore, if p ^ 2 then c = 2he also 
works. 

We crucially used the fact that wc can bound the denominator. 
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with X^^^ e u'^ •Mat„(©F), where c^^^ := p{c — he) > c. Now for any positive 
integer i, we recursively define the foUowing 

rW :=4^-(X(*-i)7), X« :=a-(7(rW), c'^'^ := p{c^'-^^ ~ he). 

One can check that c^ > c{i - 1){> 2he), XW G w=''' •Mat„(©F), and F^ G 
u=''"''-''^Mat„(6F)- Also, ^ + X is equivalent to 

{/3 + X)+ (a-a(r(i) + • • • + r(')) - (y(i) + • • • + Y^'y)a] =13 + X«. 

Since cJ^^ -^ oo as i -^ oo, it follows that the infinite sum Y := X^i^i ^^''' 
converges and X^'^ — )■ as i — > cx). Therefore we see that f3 + X is equivalent to 



il3 + X) + ia-aiY)-ya) = (/3 + X) + «.a( ^ y«) - ( ^ r«) • 

\ 2 = 1 



a 

»=i ' y 



so we are done. D 

4. Generic fibers of g/^^ -deformation rings of height < 1 

Let Poo be a ^Xo^ -representation over F and let -Rj^^^ denote the framed de- 
formation ring of height ^ 1. In this section we study the generic fiber -R^^^[^], 
such as formal smoothness, dimension, and connected components. The main idea 
is to "resolve" i?^^^ via some suitable closed subscheme of affine grassmannian 
which parametrize certain "nice" ©-module models of height ^ 1 for framed de- 
formations of Poo ■ This technique is inspired by Kisin's construction of moduli of 
finite fiat group schemes [Kis09b, §2] (and also [Kis08, §1]). In fact, most of linear 
algebra steps in aforementioned Kisin's works carry over word by word to our situ- 
ation due to the similarities of linear algebraic structures involved. Note, however, 
that we "resolve" a framed 5;<-^ -deformation ring R'^'^^ instead of a framed flat 
deformation ring. 

With some extra work, many results in this section generalize to (framed) Q Koc' 
deformation rings of height ^ h for any /i, possibly except the result on non-ordinary 
components. See [Kim09, §11] for the statements and proofs. All the results apply 
to (unframcd) ^^oo "deformation rings if they exist. 

4.1. Definition: moduli of ©-modules of height ^ h. Let /i be a positive integer, 
and we will later specialize to the case when h = 1. Consider a deformation pR 
of Poo over R G StfHo which is of height ^ h (i.e. pR (E)ji R/vci^ is of height ^ h 
for each n) . The main examples to keep in mind are universal framed or unframed 
deformation of height ^ h. 

We use the notations from §2.4.1. Put Mji := hm M„ where M„ G (ModFI /os)%„ 

is such that T_g{Mn){h) = pn (E)r -R/nx^ for each n. For any _R-algebra A, we view 
Mr (Eir a as an ctale (y9-modulc by A-lincarly extending ^Mr- 

For a complete local noethcrian ring R, let Slug^j be the category of pairs {A, I) 
where A is an i?-algebra and / C A is an ideal with I^ = for some N which 
contains xvir-A. Note that an artin local i?-algebra A can be viewed as an element in 
2lugp by setting / := mA- A morphism {A, I) -^ {B, J) in Slug^ is an i?-morphism 
A ^>- B which takes / into J. We define a functor Dq : Slug^j -^ (Sets) by 
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putting Dq ' {A, I) the set of ip-stable (3A-lattices in Mr (E)r A which are of height 
^ h. In [Kis08] this functor is denoted by L^j^. 

Proposition 4.2. There exists a projective R-scheme ^^p^' and a 6 ®i^ 0^^s:h- 
lattice MpH "^ ^^ ^^ '^'^Sl'i'^ '^^ height ^ h which represents D^ in the follow- 
ing sense: there exists a natural isomorphism "^ Si~^^ — > D^ ' such that for any 
{A, I) e auflfl it sends an A-point 77 G ^^^^(A) to 77*(Mpi') e Of'^JA,!). (We 
call Mp^ o, universal ©-lattice of height ^ h for pR.) 

Moreover, for any map R ^)- R' of complete local noetherian rings, there exists 
a unique isomorphism '^S^^^ ®r R' — > '^^^r® R' ' which pulls back dJl ~^ „ ^, to 
mf^ <»R R' inside of (Mr ®r O^^^h) ®r R' . 

This proposition is proved in [Kis08, Proposition 1.3; Corollary 1.5.1; Corol- 
lary 1.7] possibly except the base change assertion which is straightforward, so we 
omit the proof. 

4.3. Generic fibers and characteristic deformations. We now give a "moduli in- 
terpretation" of the generic fiber^^ of a ^^^ -deformation ring of height ^ h. We 
begin with the following lemma: 

Lemma 4.3.1. Let A he a finite Qp-algebra, and Va a finite free A-module with 
continuous Qx^-action. Then, for some (big enough) finite "Lp-subalgebra A° <Z A 
with A°[-] = A, there exists a Q K^-stable A° -lattice Ta° C Va- Furthermore, for 
any choice of Qk.-^- stable OE-lattice T^^ in Va ®a E, one can arrange Ta° so that 
its image under the natural projection Va -» Va ®a E is Tj,^ . 

Proof. We may assume A is a finite local Qp-algcbra with residue field E. Let A+ 
denote the preimage of o^ under the natural projection A ^* E. Choose a Qk^- 
stable Ofi-lattice To^ in Va ®a E, and let Va+ denote the preimage of T,,^ under 
the natural projection Va ^^ Va ®a E. Now, fix an A+-basis {ci} of Va+- Since 
Qk^ is compact and A'^ is a rising union of finite Zp-subalgebras of A, one can 
find such an A° C A+ such that all the matrix entries for pA{g) for g E Qk^x, ^^'^ 
valued A° . Let Ta° C Va+ be the A°-span of {ei} . D 

4.3.2. For a finite Qp-algebra A we say an ^-representation pA of Qk^ is of height 
^ ft, if it is so as a Qp-representation of Qk^ (in the sense of Definition 2.2.6). 
For a finite extension E of Qp, we study the following deformation problem of a 
i?-representation pE of Qk^'- let ^DIe be the category of artin local i?-algebra 
with residue field E, and let Df^,D°^'^'^ : 2tfH_E ~^ (Sets) respectively denote the 
subfunctors of the deformations and framed deformations of pE with height ^ h. 

Choose a ^j^^ -stable o^-lattice in pE, and view pE as a "deformation" of the 
mod p representation poo of Qk^ obtained by reducing the Oe-lattice modulo m^. 
By the "limit theorem" (Proposition 2.4.11) and Lemma 4.3.1, we obtain the fol- 
lowing corollary: 

Corollary 4.3.3. Consider an o-map tj : -Rli^'' ^> E and let p„ :— p°'^'' (8)„n,$h E 
be the corresponding Q K^-representation over E. Let (i?|^^'')^ be the completion 
of i?!^^'* ®o E with respect to the maximal ideal generated by ker(77), and p^''^^ 



or rather, its completion at a closed point 
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(i?!^^'')^ together with p^'^'' represents the functor _D°'^''. A similar statement 



the puUback to {Rod )v ^I ^^^ universal framed deformation of height ^ h. Then 

Pn 

holds for unframed deformation rings if they exist. 

Proof. For a complete local noetherian ring R with finite residue field, any ring 
morphism ^ : _R — !> A into a finite Qp-algebra A should factor through a finite Zp- 
subalgebra of A. This, combined with Proposition 2.4.11, shows that the puUback 
pc := p°'^'* (K)„n,<h . A under any map ^ : R'^'^^ — > A is of height ^ h. If ^ lifts 77, 
then p^ is a lift of p,, . 

For any framed A-deformation pA of p,,, Lemma 4.3.1 gives us a map ^° : 
^Sd^'* ~^ ^° foi' some finite o-subalgebra A° C A. By composing it with the natural 
inclusion A° ^->- A, we obtain a map ^ : i?!^^'' — > A such that p^i = p°'^''(X)pn,<;h ,A. 

This map ^ lifts ry since pA lifts p^, so ^ factors through (i?J^^'')i^. Note that the 
map ^ is independent of the choice of A° . D 

4.4. Generic Fiber of ^^^^. 

4.4.1. For a finite Qp-algebra A, we define (ModFI/©)^ to be the category 
of iy9-modules SJl^i such that for some finite Zp-subalgebra A° C A there exists 
Ma- G (ModFI/©)^? with Ma-I^] = Ma- For such Ma, we define Z|''(2'tA) := 
T@ (9Jlyi°) ®A° ^, which is naturally an A-representation of height ^ h. Note that 
y_Q (971a) is independent of the choice of 9JIa°- 

Let ^ be a local i?-algebra with residue field E which is finite over Qp. (This 
makes E an i?-algebra.) Now, let us interpret A-points of ^^p„ • Let A~^ denote 
the preimage of o^; under the natural projection A —>* E. By the valuative criterion 
any i?-map Spec A -^ ^-^p^ factors through Spec ^+, so in turn, it factors through 
SpecA° where A° is an _R-subalgebra in yl+ which is finite over and such that 
A°[-] = A. This implies that "^^fl^iA) is naturally isomorphic to the set of ip- 

stable ©A-lattices 971^ of Mr ^r A such that Ma e (ModFI/6)^''. 

Proposition 4.4.2. The structure morphism ^S^'^^ ®i^ Qp -^ Spec(i?®Zp Qp) *s an 
isomorphism. 

The proposition is a direct consequence of [Kis08, Proposition 1.6.4]; note that 
both the source and the target of the map are Jacobson. 

Proposition 4.4.3. Assume that the map Spf R -^ D^ of functors on 2l9^o de- 
fined by a deformation pR is formally smooth. Then R[-] is formally smooth over 
Frac(o). 

Note that the assumption on R is satisfied by universal framed or unframed 
^ifoo "deformation rings of height ^ h. 

Proof. Note that a noetherian Jacobson Frac(o)-scheme X (e.g., X = Speci?[i] for 
some complete local noetherian o-algebra R) is formally smooth over Frac(o) if and 
only if its completion at each maximal ideal is geometrically regular, by [EGA, Oiv, 
Thcoreme (20.5.8), Corollaires (22.6.5), (22.6.6)]. 

Using Proposition 4.4.2 it is enough to show the following claim: for any finite 
local Frac(o)-algebra A and A := A/I where / is a square-zero ideal, any Frac(o)- 
map i : Specl' -^ ^■'^f^ lifts to a Frac(o)-map ^ : Spec A -^ ^^p^- Note that 
by post-composing the structure morphism '^M'^^ over R, the map ^ induces a 
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map i? — > j4, which wc also denote by ^. By the discussion in §4.4.1, an equivalent 
claim is that for any 9H^ e (ModFI /&)^ with an isomorphism 1 : 9Jl-j®e— ^^ ~ 
Mr «)^_| a, one can find Ma € (ModFI /&)f', ^ : R ^ A, smd l : Ma ^e^ ^A ^ 
Mr (8)fl,5 A, which hft 9Jt-j, ^, and I, respectively. 

■,\^'^ otiMt fV,Qf (vn . ^ . ~A c^ *^i— . 



By Lemma 4.4.4 there exists 971^ £ (ModFI /6)^'' such that Ma ^aA^M- 



Note that V_q (DJXa), defined in §4.4.1, is an A-deformation of of height ^ h. The 
lifts £, and l are obtained by formal smoothness of Spf i? — > D^\ D 

Lemma 4.4.4. Let A ^* A be a surjective map of finite Qp-algebras with square-zero 
kernel I. For any M-j € (ModFI /6)|'', there exists a Ma ^ (ModFI /6)^'' such 
that VJlAf^AA^ m-j. 

Proof. Choose M— G (ModFI /6)|^ with m-j^(^^A ^ Tlj for some finite Zp- 
subalgebra A° C A (which exists by definition), and a finite Zp-subalgebra A° C A 
so that A°[-] = A and A° surjects onto A°. To prove the lemma, it is enough to 

lift 971^ to some DJIa- G (ModFI /6)^^ 

Put u!-^ := coker(iy9OT__), which is finite free over A" by Lemma 2.4.2(2). Let 
UJA" be a finite free A°-module that lifts w^, and VJIa" a finite free ©^jo-module that 
lifts SIT-J3-- We can choose a 6^0/7^(14) ^-linear surjection ^JIa" /V {u)'^dJlA'' -» ^A" 
which lifts the natural projection d}l-^/V{u)^9Jl-^ -» w^. Since ^wi—^ is injective 
by Lemma 2.4.2(1), we obtain the following diagram with exact rows: 

(4.4.5) ^ ^A" ^ Mao ^ ^A" ^ 



— ^a*mi^—^m^ ^^A^ ^0, 

where D^a° is the kernel of the natural surjection 971 y^o -+> 9Jlyio/7^(w)''9}lyio -^ i^a°- 
Since lua" is flat over A°, the top row stays short exact after applying (•) (g)^o 
A°. This shows that 9Ta° ^a° A° ^ ct*971^ so there exists a surjective map 
r : (7*971/1° -^ '^A° which factors the natural projection a*dy(A'' -^ cr*9JT^. Now, 
put (/3OT^o : cr*9nA° -^ VIao ^^ 9Jtyi°- Clearly ^p^x^o lifts iptxn—^, and coker((^grjj^^ ) 
is isomorphic to ijja" so it is annihilated by V{u)^ . D 

4.5. Hodge type and local structmre. From now on, we assume that h = \ and poo 
is 2-dimensional. Consider a lift pR of p^ over i? G StD'lo as a ^^^-representation. 
We flrst need the following definition. 

Definition 4.5.1. For a Zp-algebra A, let 'Da,k be a rank-2 free Ok®z v4-module. We 
say an Ok®!, A-submodule C C "Da.k is a Lagrangian if £ is a direct factor as an A- 
submodule and it is its own annihilator with respect to the standard Ok®i ^-linear 
symplectic pairing (•, •) on Da.k (which is unique up to [ok ®z A) ^ -multiple) . 

Note that this notion does not depend on the choice of (•,•). HA is flat over Zp, 
then a Lagrangian is necessarily Ok ®z A-free of rank 1, but this is not necessarily 
the case when A has non-zero p°°-torsion and K is ramified over Qp. 

Define a subfunctor Dg C D^ as follows: for any (A, /) G 2lug^ the sub- 
set Dqp^{A,I) consists of all 9Jl^'s with the property that im((^a)[A)/^(")3^^ "^ 
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OJIa/'P{u)DJIa is a Lagrangian in the sense of Definition 4.5. f. Note that DJIa/'P{u)D)Ia 
is free of rank 2 over 6a/('P('«)) = Ok ®i^ A. 

Lemma 4.5.2. The subfunctor Dq C Dq can be represented by a closed sub- 
scheme <^^l^ Ci^Mf I . 

Proof. We construct ^.'^^^ as foUows. Put ©<^^<i := 6 ®-l^ ^<sm^^ ' ^^^ ^"^^ ^l 
denote the universal ©^^<i -lattice as in Proposition 4.2. We let ip'^^ denote the 
universal (^-structure on 9Jl>!. Lemma 2.4.2(2) implies that im(<y9^^)/7'(u)OTp^ C 
— ph/^(^)— PH ^^ ^ sub- vector bundle over ^^^^ (i.e. its quotient is again a vector 
bundle over '^S^^l). 

Now, choose a 6c^^<i/(7'(u))-basis for Mpj^/'^(")MpjJ and let (•, •) denote the 
standard symplectic pairing on 9Jt^^^ IV (m)9JT^^ with respect to the fixed basis. 
Choose an open (afRne) covering {Ua} oi'^S/i'^^ which trivializes im((/3^^)/7'(w)OT>J, 
and choose an Oc/^-basis {ei^Q, • • • ,er„,a} of (im((^^^)/7'(w)OTp^)|!7„- Now, let J' 
be a coherent ideal on J^^^^, where >-^|;7„ is generated by {{e^i.aT^j.a)^i,j=\,--- ,ra,i 
viewing (•,•) as an O^^^i -bilinear pairing. Clearly the closed subscheme ^^p^ 
cut out by J' represents the functor Z?g m p ■ '^ 

Remark 4.5.3. With a little more work, one can show that Speci?'^[-!-] C Speci?[i] 

is an equi-dimensional union of connected components, and when R = i?I^^^, then 
the dimension of i?^[i] = R^^[-] is 4 + [iiT : Qp]. We do not use this resuh later. 

Lemma 4.5.4. Let Speci?^ denote the scheme-theoretic image ofi^^^ in Speci?. 
For any finite Qp-algebra A, a "Lp-morphism ^ : i? — > A factors through R^ if and 
only ifAet{pR (E)r,^ A)\i^^ = XcydiK^ ■ 

Proof. For any {A, I) G 2lugj^ it can easily be seen that VJIa G -Dg (A, I) is 
in Dq {A, I) if and only if the induced ip on /\g (VJIa) takes any basis e to 
a'P{u)e for some a £ (5^. Now the lemma is a consequence of Proposition 4.4.2 
and Example 2.2.7(3). D 

Remark 4.5.5. Let p^ be the universal framed ^/^-^ -deformation of height ^ 1 over 
R := i?|^^^. Consider the subfunctor D^'^ C -D^'^^ defined by requiring that 
the inertia action on the determinant is given by Xcyd/jc ■ One can easily sec that 
Z?!^'"^ is represented by a quotient R'^^ of R'^^^. If we let i?^"^ denote the quotient 
constructed in Lemma 4.5.2, then Lemma 4.5.4 implies that i?°''^[-!-] = i?|^"^[i]. 
(And a similar discussion holds for R^ if it exists.) 

4.5.6. We now show that locally for the smooth topology ^^p^ looks like the 
"Deligne-Pappas model model" [DP94] if the morphism Spf R —>■ D^ induced by 
PR is formally smooth. Since local structure of "Deligne-Pappas model model" is 
well understood, we thus get local structure of ^^^^. 

We fix Tlf e ^e.pflC^)- We define a functor D^^^^ on Stug^. by assigning to 
{A, I) e Sluflfl the set of isomorphism classes of (9Jtyi,i^), where 9JI/1 G Dq {A,I) 
and LA '■ ^A 'SDa A/ 1 ^ 9JIf (g)F A/ 1 with obvious notion of isomorphisms. Clearly 
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^mw-PR *"^^ ^^ prorepresented by the completed local ring of ^-^p^ at the closed 
point corresponding to 9Hf. 

We fix an isomorphism /3f : [ok <^z^ F)®^ ^ OTf/P(m)»Tf over &¥/V{u) ^ 
Ok ®ip F. We define a functor ^^^ „^ on Slug^ by assigning to [A, I) e Stug^. 
the set of isomorphism classes of pairs {^AtPa) where 971^ e ^OTj.,ph("^) ^'^'^ 
Pa ■ {ok ®Zp A)®"^ ^ 9Jlyi/7'(u)9JlA is an Ok ^Zp v4-hnear isomorphism which 
lifts /3f. By forgetting this isomorphism, wc obtain a formally smooth morphism of 
functors DXn „ — >■ D^ „ . 

Now, we define another functor M ^, on Stug^ by assigning to (A, /) e Slug^ the 
set of Lagrangians in (o^ (^i A)®^ in the sense of Lemma 4.5.1. This functor can 
be represented by (the p-adic completion of) a closed subscheme of a grassmannian 
over R. We also let M_^ denote the representing projective scheme over Speci?. 
Clearly M ^, ®i Qp is formally smooth over Frac(o). It is shown in [DP94, §4] that 
M ^. is o-flat and relative complete intersection, and that M ^, ®a o/iTio is reduced. 
(For the o-flatncss, see [EGA, IV2, (3.4.6.1)].) 

We have a morphism D^^p^ -^ M_^ by sending (OT^,/3a) G D^^ ^^{AJ) for 
some {AJ) e Slug^ to the kernel of [& a /V [u))®'^ -^ 9JIa/7'(u)971a -» coker<^. 

Pa 

The proof of Lemma 4.4.4 shows that if the morphism Spf R — >■ D^ induced by 
pu is formally smooth then the morphism D"^ — >■ M_^ is also formally smooth. 
Now, we are ready to prove the following proposition: 

Proposition 4.5.7. Assume that the morphism Spf R — > D^ induced by pn is for- 
m,ally smooth. Then '^ S^^ ®Zp Qp is form,ally smooth over Frac(o), ^.^p^ is O-flat 
and relative complete intersection, and '^Si'^ ®o o/tTic, is reduced. 

Proof. Consider the following diagrams where both arrows are formally smooth. 

^mr,pR 



Since M_^ has all the desired properties, the same holds for Z3,Jj which is repre- 
sented by the completion of ^^^^ at a closed point (with residue field F). Passing 
to a finite extension of F if necessary, we cover the completions of 'SSi^ at all 
closed points, so we conclude the proof. D 

4.5.8. Let ^^pj^ denote the fiber over the closed point of Spec R under the struc- 
ture morphism "^S^^ — > Spec i?. For a scheme X, we let Hq{X) denote the set of 
connected components of X . The following corollary plays an important role later. 

Corollary 4.5.9. Assume that the morphism Spf R — > D^ induced by pn is formally 
smooth. Then the natural maps below 

are bijective. 

Proof. The second bijection follows from the theorem on formal functions. The 
first bijection follows from an argument similar to the proof of [Kis09b, Corollary 
2.4.10] using o-flatness and the reducedness of ^^"^^ ^0 o/nxo- Q 
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4.6. We digress to study analogues of connected, multiplicative-type, and unipotent 
finite fiat group schemes over Ok, respectively, for (^-module of height ^ 1. All the 
results in this section are proved in [Kis09b, §1]. 

4.6.1. Let art be an object cither in(Mod/S)^i or in (ModFI/6)^^ where A 
is either p-adically separated and complete or finite over Qp. We say DJl is etale 
if ip<xn is an isomorphism. We say 9Jt is ip-nilpotent if there exists n such that 
(pJ^(cr"9Jt) C me-Wl as (3-module. We say that 9Jt is of Lubin-Tate type (of height 
1) (respectively, ip-unipotent^'^) if 9Jl^ is etale (respectively, (p-nilpotent), where 
(•)'' is dual of height 1 as defined in §2.4.3^3. When Ta := t|^(<H) for some 
OJt G (ModFI/6)^ (which makes sense because A is finite over either Zp or Qp), 
one can check that Ta(— 1) is unramificd if 971^ is etale, and that Ta is unramificd 
if Ma is of Lubin-Tate type.^^ (Here, Ta{-1) := Ta ® XZyc\QK^ •) 

Assume, furthermore, that 9Jl € (ModFI/6)^ is of ©^-rank 2. We say that 
9Jt is ordinary if 971 is an extension of a rank-1 Lubin-Tate type ((p, (5yi)-module 
OJt''-'^ by a rank-1 etale ((^, SA)-module 971''*. If A is a finite Qp-module, then 
971 G (ModFI/S)^ is etale (respectively, of Lubin-Tate type; respectively, ip- 
nilpotent; respectively, (/3- unipotent; respectively, ordinary) if and only if there 
exists a finite Zp-subalgebra A° d A and a ip-stahXc 6 ^o -lattice 97t^o c 971 with 
971^° G (ModFI/6)^o such that 971^° has the same property. 

Assume that pR is a rank-2 representation of Qk^ of height ^ 1, as before. 
We define the following subfunctor -Dg "^^ C Dq (respectively, Dq '"^ '^^ '^ C 
Dq ; respectively, Dg p^""''' C D^ ) by requiring that 971^ should be ordinary 
(respectively, (p-nilpotent; respectively, (p- unipotent). Clearly we have Dq C 
D^ p^, and 971^ G 17^^^ (A,/) with {A, I) G Stug^ is v?-nilpotent if and only if it 
is not" ordinary. Put D^i^^ := i?|',^'"'P n D^^^^ = i^l^;^"' ^ D^^^ (where the 
superscript 'ss' stands for 'supersingular'). 

The following proposition is a direct consequence of semilinear algebraic state- 
ment [Kis09b, Proposiiton 2.4.14] applied to the universal ©-lattice of height ^ 1. 

Proposition 4.6.2. The suhfunctors -Dgj,^,I7g I^^'^'i^g p^""''' C I7g are rep- 
resented hy'^!^™ jSf^p^''''"' ^,?f^pj^ ''''""''', respectively, which are unions of con- 
nected components in ^^p^ • Consequently, I7g can he represented by a union 
^i^^*; of connected components in ^^p^, and ^^^^ = ^^"'^"^ U ^-^ph • 

4.6.3. Let A be cither finite flat over Zp or finite over Qp. Let pA be a rank- 
2 representation of Qk^ over A with height ^ 1. Let Ta denote the underlying 
j4-modulc for pA- We say that pA is ordinary if there exists a ^/^^ -stable ^-line 
La C Ta (i.e. both La and Ta/ La are free of rank 1 over A) such that both 
L^(— 1) and Ta/ La are unramificd. We say that pA is supersingular if pA is not 
ordinary and Ik^^ acts on det(pyi) via Xcycl/x ■ When yl is finite over Qp, one 



Note that 9Jt G (ModFI /G)^ being </3-unipotent does not imply that there exists a S^-basis 
so that the corresponding matrix representation of (/jgjj is strictly upper triangular. This notion 
should be thought of as an analogue of unipotent finite fiat group schemes/Barsotti-Tate groups. 

We extend duality of height 1 to (ModFI /G)^ for a finite Qp-algobra A in an obvious way. 

This is because of the "Tate twist" in the definition of Ti . An analogue of this in 
Dicudonnc theory is that that the roles of Frobenius and Verschiebung arc switched in the covari- 
ant Dieudonnc module. 
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can show that pA is ordinary (respectively, supersingular) if and only if the unique 
DJIa G (ModFI/©)^ that gives rise to pA is ordinary (respectively, supersingular). 

Let Spec R™'^ and Spec R^^ denote the scheme-theoretic images of '^M™ and 
'^Si^p^ in Speci?, respectively. It follows that for any finite Qp-algcbra A, a map 
^ : R ^ A factors through RP'^'^ (respectively, W^^ if and only if p^ ®B.,i ^ is 
ordinary (respectively, supersingular). By Propositions 4.4.2 and 4.6.2 Spcci?"^[i] 
is a disjoint union of Speci?°'''^[-!-] and Speci?^^[i], where Speci?"^ is the scheme- 
theoretic image of ^^p^ in Spec R. 

We now state the following theorem, which is the main result of this section. 

Proposition 4.7. Assume that the morphism Spf R — ^ D^ induced by pn is formally 
smooth. Then Speci?'^'^[i] is geometrically connected. Furthermore Speci?°'^'^[-!-] 

is geometrically connected unless poo ~ V'l ® "02 where ipi o,nd "02 «re distinct 
unramified characters. In the exceptional case there are exactly two components 
(which are geometrically connected), and two lifts are in the same component if 
and only if the Qx^-stahle lines on which Ikoc '^^^ '^^^ Xcyc\iK reduce to the same 
character (either ipi or ip2)- 

Sketch of the proof. Since the statement is insensitive of o and the setting is com- 
patible with scalar extension of o by its finite integral extension , it is enough to 
prove the connectedness assertions. By Proposition 4.4.2 and Corollary 4.5.9, the 

ord 

PR,0 '■ — 



theorem follows from the corresponding connectedness assertions on ''^^°'^ 



'" ^R R/mn and ^^^^ q := ^^^/^ »« R/mR. 



Let us first treat the "ordinary" case. Assume that 'SSifp^ is not empty (so 
automatically poo is reducible). For a finite F-algebra A^ let Ta — A®"^ with Qk^- 
action via poo ^¥ A. Choose a ^i^^-stable ^-line La C Ta such that La{—1) and 
Ta/La are unramified (which exists by assumption). Consider an exact sequence 
of etale t/J-modules (f) : -^ Ml^ ^ Ma ~^ Mtj,/La ^ such that Ti-{\){\) is 
the chosen exact sequence — > La -^ Ta ^ Ta/La — > 0. 

Let dJl"^ C Mlji be a {ip, (3)-submodule which is etale as an object in (Mod/©)^^, 
and 9Jt^^ C Mt^/La ^ ('/'' S)-submodule which is of Lubin-Tate type as an object 
in (Mod/6)^i. Note that OJl^* C M^^ and OT^"^ C Mt^/La are respectively max- 
imal and minimal among ((^, 6)-submodules which are objects in (Mod/S)^^.^^ 

Now we claim that there are at most one (93, 6)-submodule *H C Ma which is 
an extension of dR'"^ by 271°'. (Such 9JI is automatically of height ^ 1.) Indeed, if 
9Jt, *Jt C Ma are two such, then so are 9Jl-|-9t and 9JlnD^. therefore by Lemma 2.4.7 
there exist maximal and minimal ((y3, 6)-submodulcs in Ma which are extensions 
of M'''^ by Sf^': call them '^^^^ and S't"^, respectively. But the 5-lemma for 
the category of 6-modules (which is an abelian category) shows that the natural 
inclusion 9Jl~jj ^-> '^^^^ is in fact an isomorphism. 

So if cither poo is indecomposable or Xcyclex is not unramified mod p, then 
'^^°PRfi — SpecF. If Poo ~ '01 ® "02 where -01 and 02 are distinct unramified 
characters, then 'SSi™^ g consists of two reduced F-rational points which correspond 
to the choice L^ ~ 0j for i = 1, 2. In the remaining case (i.e., when p^ ~ ® for 
an unramified character 0;), we have a functorial isomorphism ^^p'^ (A) = P^(yl) 



'^Notc that shrinking the (i/p, S)-submodulc has the cflFcct of "shrinking" the image of ^ on 
the G-submodule. 
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for any finite F-algebra A, so ^^™ g is smooth projective over F with the same zeta 
function as P^. Since the zeta function determines the dimension and the genus, 
we obtain ^^p'^^o — ^f ^y ChevaUey- Waring. This concludes the ordinary case. 

To show the connectedness of ^^^p^Q we give an explicitly construction of a 
chain of rational curves that connects any two points. We will only give the main 
idea and indicate references for the detailed computations. 

Let F' be a finite extension of F and choose an F'- valued point x € "^^^pj^fii^')- 
Let DJlw' & -Og_p^(F') be the corresponding torsion (/j-module. (See §4.6.1 for the 
definition of Dg .) We construct a rational curve passing through x as follows. 
First fix a ©f' -basis of SIJIf', and let X be a matrix representation of (pmfi for 
this fixed basis. For a finite extension F" of F', consider a nilpotent matrix N € 
Mat2(0£-,F") such that <t{N)X{-N) G Mat2(6F")- Define a (<^, ©F/qT])-module 
dJlp/L, to be (©^//[T-])®^ equipped with </3™(Af) given by the matrix <7{l+TN)X{l + 

TN)-^. Then since the determinant oi a{l+TN)X{l+TN)-'^ is equal to dct(X) e 
7'(u)-(6f")'', we have 9K^^L G (ModFI/©)|,^,j,, and im((p <«, )/P(ii)9Jl^f^' c 

L J L J w" [T] 

dyi^„Lj'P{u)DJlp,L-, is a Lagrangian in the sense of Definition 4.5.1. Also, "multi- 
plication by 1 -t-TTV" defines an isomorphism DJlw ^e^, 0£,f"[t] — > ^F"fTi [«]■ With 
this isomorphism, we can view 971^,, L, € Dq {¥" [T] ) , so we obtain an F-morphism 
SpccF"[T] — > ^^p^ where the point "T = 0" is mapped to x naturally viewed 
as an F"-point. (In particular, the image lands in ^^p'^„ q-) Now, by specializing 

at the point "T — 1" on this curve, we obtain an F"-valued point DJlf„Lj{T ~ 1) 
with If defined by the matrix a{l + N)X{1 + N)'^. 

To show that '^Si^p^ o i^ connected, we proceed as follows. First, we find an 
2tF' € -Dg (F') for which we can write down a matrix representation X of 
VOTj/ for some basis. This is done in [Ima08, Lemma 1.2] generalizing [Kis09b, 
Lemma 2.5.5] when the residue field fc of -fC is Fp. Now, it is enough to show 
that any DTf" € ^e o ^") with F" some finite extension of F, has a basis so 
that the corresponding matrix representation of <~p'^^, is (T(Jli ^'O^dlj Ui)~^ for 
Ui ~ 1 + Ni where N G Mat2(o£,e) for some finite field G: containing both F' and 
F" such that a{Ni)X{—Ni) e Mat2(©£). This purely linear-algebraic statement is 
proved first by Kisin [Kis09b, §2.5] when the residue field k = Fp, by Gee [Gee06, 
§2] when po^ is trivial, and by Imai [Ima08, §2] for the general case. Note that their 
computations was applied to a different closed subscheme of an affine grassmannian 
(namely, the moduli of finite flat group schemes) , but the same computation applies 
in our situation. While the aforementioned papers were written under the running 
assumption that p > 2, it is only because the moduli of finite flat group schemes 
was not defined when p = 2 and the same computation works for p = 2. D 



5. Application to "Barsotti-Tate deformation rings" 

The goal of this section is to show that the natural map res^jg ®j, Qp defined in 
Corollary 3.4 is an isomorphism if p > 2 and it induces an isomorphism between cer- 
tain unions of connected components. (See Theorem 5.2 for the precise statement.) 
This theorem is the bridge from Proposition 4.7 (on the connected components of 
-^oD^i"]) to Theorem 1.1 (on the connected components of ^cr'is[~])- 
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5.1. Let A be either finite flat over Zp or finite over Qp, and let Ta be a fi-ee 
A-module of rank 2 equipped with continuous ^/f -action which is crystalhne with 
Hodge- Tate weights in [0, 1]. Assume furthermore that Ik acts on det V via Xcyc|/K-- 

We say that Ta as in the previous paragraph is ordinary if there exists a Q k- 
stable ^-fincL^ C Ta (necessarily unique, if it exists) on which Ik acts via Xcyc\iK- 
(By our determinant condition, Ta/ La is forced to be unramified.) We say that Ta 
as in the previous paragraph is supersingular if it is not ordinary (or equivalently, if 
it does not admit a non-zero unramified quotient). When A is a finite Qp-algebra, 
one can easily show that a ^/^-representation Va over A is ordinary (respectively, 
supersingular) if and only if there exists a finite Zp-submodule A° <Z A and a Q k- 
stable A°-lattice Ta° C Va such that Ta° is ordinary (respectively, supersingular). 
Similarly, for any finite fiat Zp-algcbra A° a ^/^r-representation Ta° over A° is ordi- 
nary (respectively, supersingular) if T^o [-] is ordinary (respectively, supersingular) 
as a ^^-representation over A°[i]. 

When A is a finite Qp-algebra, an equivalent definition of ordinary and super- 
singular representations can be made using D^^^^^Va)- 

Let US define K^^-^^ .- K^^-^^ (g)^n,<i i^o^- ■'^ ^, K^^.^^ .- K^^-^^ ^rI^'^^ 

R'^°"^, and i?°i^' := i?°,i"'^' ®fl,^<i R'^""- (We define i?°i!°'^''^ without requiring 
p to be 2-dimensional. The superscript {■)-f stands for "formal".) 

Proposition 5.1.1. Let A be a finite Qp-algebra. Then a map ^ : i?cris ^ ^ A 

factors through -Rcr'is ' (respectively, Rc^°J ; respectively, R^^is) if o-nd only if the 
corresponding framed A- deformation p^ admits no non-zero unramified quotient (re- 
spectively, p^ is an ordinary Q k -representation; respectively, pj is a supersingular 
Q K-representaion.) 

Proof. By definition, ^ : i?(.r'is ^ ^ A a, map factors through the quotient i?(,ris ' 
(respectively, R^.^™ ; respectively, i^criD if ^-iid only ii p^\g^ does not admit non- 
zero unramified quotient (respectively, pjlg^ is ordinary; respectively, p^\g,^ 
is supersingular). By Kisin's theorem (Theorem 2.2.3(1)), we have detp^j/^ = 
Xcyc|/A- if and only if dei p(]ij^^ = Xcyc|/Koo- Now the proposition follows from 
Lemma 5.1.2. D 

Lemma 5.1.2. Let A be a finite local Qp-algebra, andVA a- crystalline A-representation 
of Q K with Hodge-Tate weights in [0,1]. Then the maximal unramified A[Q K^aV 
quotient V^ of Va is free over A and is a Q k -equivariant quotient. (So V^' is also 
the maximal unramified Qk -Quotient.) 

Proof By Theorem 2.2.4(3) the natural projection Va -» V^' is ^/f -equivariant, so 
it remains to show that V^^ is free over A. 

By Proposition 4.4.2 there exists a finite fiat Zp-subalgebra A° C A with ^°[-] = 

AandMAo e (ModFI/©)^o such that Ta^^] = VaIq^^ where T^o :== r|^(Sr)TAO- 
Let T^o denote the image of Ta" under the natural projection Va -^ V^^S and 
let 9Ta° denote the quotient of ^JIa" which corresponds to Tj^o. Since T^o is a 
P/j-^ -equivariant ^"-quotient of Ta" and T^o[-] = V|*, it follows that ^a° is a 
(y9-equivariant 6 a° -quotient of DJIa" which is free over ©. Moreover, ^a° is free 
over ©^o by [Kis09b, Proposition 1.2.11], so T^o is free over A°. D 
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Remark 5.1.3. The statement of Lemma 5.1.2 still holds when Va is a semi-stable 
^if-representation with Hodge- Tate weights in [0,h], so Proposition 5.1.1 can be 
generalized to this setting (with suitable the definitions of ordinary and supcrsingu- 
lar representations of Qk and Qk^)- Sec Lemma 11.4.19 and Proposition 11.4.18 
in [Kim09] for the statements and the proofs. 

Let us recall the notation. Let p : Qk -^ GLd(F) for a finite extension F of Fp and 

put Poo '■= pIsk ■ Let i?(,r'is ' denote the crystalline framed deformation ring of p 
with Hodge- Tate weights in [0, 1] (as in Kisin's theorem stated as Theorem 2.4.12), 
and let R'^^^ denote the ^i<-^ -deformation ring of poo with height ^ 1 (which exists 
by Theorem 3.2). Let e be the absolute ramification index of K, and e* := -^. Let 

I'j^ denote the higher ramification group with upper indexing. (For upper indexing 
we follow the convention in [Scr79, Ch. IV], not the one in [Fon85].) We prove the 
following theorem for the rest of this section and section §6. 

Theorem 5.2. Assume that p{If( ) = {1}. 

(1) Assum,e that p > 2. Then the natural map res'^''"^ : Spec i?j,j.;g ' [-] — )■ 
Speci?J^^^[-] defined by the restriction to Qk^ is an isomorphism. 

(2) Assume that p = 2. Then the natural map res^ .j„ : Speci?^j.;g [-] ~^ 

Speci?^^^^'-' [i] defined by the restriction to Qk^x, ^■s "^^ isomorphism. 

If furthermore Endg^(p) = F, then we also have Endg^ (Poo) — F o,nd the same 
statements hold for (unframed) deformation rings. 

As explained in Remark 3.5, we do not expect the map res^.jg : Spec -R^ris ' [~] ~^ 
Speci?I^^''[i] is an isomorphism when h> 1. 

Remark 5.2.1. The assumption that p{Ix ) = {1} is always satisfied if p comes from 
a finite fiat group scheme over Ok by Fontaine's ramification estimate [Fon85]. So 
this condition is indeed automatic if R^^l^ ' is not zero because any crystalline Q k- 
representation with Hodge- Tate weights in [0, 1] admits a ^i^-stable lattice coming 
from a p-divisiblc group over Ok- See [Kis06, Corollary 2.2.6] for the proof of this 
that works for any p. 

Remark 5.2.2. Theorem 5.2 could easily be deduced using the classification of finite 
flat group schemes when p > 2 (stated in Theorem 2.3.5) and the classification of 
connected finite flat group schemes when p = 2; more precisely, we deduce from the 
classification some equivalence of categories between certain classes of torsion Q k- 
and Qk^- representations as in [Bre02, Theorem 3.4.3], and from this Theorem 5.2 
easily follows. In this paper, we present a different proof of Theorem 5.2 (hence, of 
Theorem 1.1), which avoids the classification of finite flat group schemes. 

Let us discuss the proof of Theorem 5.2. The statement for unframed deforma- 
tion rings follows from the statement for framed deformation rings, provided that 
we have Endg^^ (Poo) == F when Endg^(p) = F. But this follows from Lemma 5.7 
using that p(/^ ) = {1}. So we may focus on proving the statement for framed 
deformation rings. 

By avoiding the classification of finite fiat group schemes, we lose our grip on 
the torsion theory to some extent. So instead of trying to study the artinian points 
of the deformation ring (concentrated on the closed point), we use the following 
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theorem of Gabber to study the Qp-fiber of the deformation ring more directly. 
We state Gabber's theorem in the form that we will use in our situation, but the 
original statement in [Kis07, Appendix] is more general. 

Theorem 5.3 (Gabber). Let R and R' be complete semi-local noetherian o-algebras 
with residue fields finite over ¥ ^ o/iTio. Assume that both R and R' are p-torsion 
free, R is reduced, and R' is normal. Let f : R' ^>- R be a o-algebra map such that 
the induced map Yionio{R,E) — > Homo(i?',-E) is a bijection for any finite (field) 
extension E o/Frac(o). Then f is an isomorphism. 

This theorem is certainly very delicate - it is not even obvious how to deduce 
that / is of finite type from the assumption. The proof uses the flattening tech- 
nique of Raynaud- Gruson (and very ingenious commutative algebra). See Gabber's 
appendix in [Kis07] for more details. 

5.4. We outline how to use Theorem 5.3 to prove Theorem 5.2 (for framed defor- 
mation rings). Let R and Rao be one of the following: 

(1) Assuming p > 2, we set R := Rd'is ' ^^d i?oo := R^^^- 

(2) Under no assumption on p, we set R := i?^j.;g ' ' and i?oo '■— R'^^^"'^ ■ 

In all the cases above, the restriction to Gk^o induces a natural map res : R^o — > R. 
Note that we cannot directly apply Theorem 5.3 to this map because R and i?oo raay 
not be normal (or even reduced). We fix this situation by applying normalization, 
as follows. Note that both i?[i] and i?oo[^] are formally smooth over Frac(o) by 

Propositions 4.4.3 and 4.6.2, and [Kis08, Theorem 3.3.8]. We let ^oo and^ be the 
normalizations of i?oo/(p°° -torsions) and R/{p°° -torsions), respectively. Note that 
the natural maps induce isomorphisms i?oo[-] ~> ^oo[-] and R[-] ^ R[-], and 

the map res[i] : Roo[-] -^ R[-] restricts to f^ : Rao -^ R- Furthermore, Roo and R 
are finite over i?oo and R, respectively, since every complete local noetherian ring is 
excellent [EGA, IV2, (7.8.3) (iii)], so i?oo and R satisfy the assumptions on R' and 
R, respectively, in Theorem 5.3. 

Now, we prove the following proposition. 

Proposition 5.5. Let R and Roo be as above §5.4- Then for any finite (field) exten- 
sion E o/Frac(o), the map Hom(,(i?, i?) — > \^OTiio{R' , E) induced byres : Roo -^ R 
is a bijection. 

By Gabber's theorem (Theorem 5.3), the proposition implies that the map res : 
Roo — > R induced on the normalized deformation rings is an isomorphism, so in 
particular, res[-] : Roo[-] -^ R[~] is an isomorphism, which proves Theorem 5.2 for 
framed deformation rings. 

5.6. We outline the proof of Proposition 5.5. Let R and i?oo be as in §5.4. By Kisin's 
theorem (Theorem 2.2.4(2)) we see that res induces an injective map Homo(i?, E) — >■ 
Homo(i?oo, E) for any finite field extension E of Frac(o), so it is left to show the sur- 
jectivity. Let x £ Homo (_Roo , £■) and let T4 be the corresponding i5-representation 
of Gk^, which is of height ^ 1 by construction. . By Kisin's theorem (Theo- 
rem 2.2.4(3)), there exists a unique continuous E'-linear ^x-action on Vx which 
extends the Pif^ -action and makes Vx a crystalline ^i4--representation. Since the 
o-algebra map x : R^o — ^ E factors through Oe, we also obtain a ^^^-stable o^;- 
lattice Tx C Vx, such that Tx®oe "-e/ttib — Poo^vOE/'cn.E as a ^/^^ -representation. 
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In order to show that x : Roo -^ E factors through the crystaUine framed deforma- 
tion ring R (i.e., Proposition prop:Gabber), we need to verify the fohowing claims. 

Claim (1): The ^j^^-stable Os-lattice T^; C T4 is ^^-stable. 
Claim (2): We have a ^/f-equi variant isomorphism T^ ®oe Ob/itib — p ®f 
Oe/vc\.e extending the initial such 5;<-^ -isomorphism. 
The following lemma proves Claim (2). 

Lemma 5.7. Let p he a mod p representation of Qk, cind assume that p{Ij^ ) = {1} 
as in Theorem 5.2. Then we have p{Qk^) = p{Qk)- In particular, the Qk- 
representation p is uniquely determined by its restriction to Q k^ ■ 

Proof. To show the lemma, it is enough to show that the natural inclusion induces 
an isomorphism^^: 

(5.7.1) QK^liii^QKj^gKiii. 

To rephrase the isomorphism (5.7.1), wc want to show that the open subgroup 
Ir '^Kaa C Qk fills up the full Galois group Qk] i.e., there is no non-trivial 
subextension of Koc/K fixed by /^ . This follows from the claim below, which is a 
nice exercise with higher ramification groups. 

Claim 5.7.2. Let A'l := K{Tr'-^^) where tt'^) £ K^o such that {'k'^^^Y = n. Then /^' 
does not fix A'l . 

Put K' :— K{Cp) where (p G K is a, primitive p-th root of unity, and consider 
K[ := is:'(7r(i)), which is a Galois closure of Ki/K. We put Q := Gal{K[/K) ^ 
Gei\{K[/K') X Ga\{K[/Ki). Here, Gal{K[/K') = Z/pZ is the wild inertia subgroup 
of g, and Ga\{K[/Ki) C (Z/pZ)^ acts on Gal{K[/K') by Kummer theory. 

Since the upper indexing is well-behaved under passing to quotients [Ser79, 
IV. §3, Proposotion 14], it is enough to show that Q" does not fix Ki. Indeed, we 
show that Q'^ ~ Gal(A'(/i4r') by computing the higher ramification subgroups Qi 
in the lower numbering and using the Herbrand function, exploiting the explicitness 
of the situation. 

Clearly, Qi = Gal{K[/K'), and Qi is a subgroup of Gal(A:;/A") for aU i > 0. Let 
c := \Ik' /Ki denote the ramification index of I^[/Ki, so the absolute ramification 
index of K[ is epc. (Also note that [Qq : Qi] ~ c.) Choose a uniformizcr tt[ of K[ 
so that {tt'iY e K'; this is possible because there exists a uniformizer tt' G K' such 
that {tt'Y e [a]Tr for some a G Ok'/'^^k', where [•] denotes the Teichmiillcr lift, so 
we have K'{^) = K'{^) in K. 

For any non-trivial 7 G Q , we have 

"i^i iliO - ^i) - 1 = ^K {^p'^ - 1) + ^A-; Wi) - 1 = e*c, 

where e is the Kummer cocycle associated to n'^. This shows that Qi = Gal(A'(/A'') 
for < i < e*c, and Qi = {id} for i > e*c. Since [Qq : Qi] ~ dor < i < e*c+c~l, 
we obtain 

Q'' = Gal{K[/K'), for < r < e* 

Q'' = {id}, for r > e* . 

In particular, Q"' = Gal(A:(/A'') does not fix A'l. D 



26The author learned this idea from [AbrlO, §8.3.2, Theorem C]. 
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For Claim (1), we use Breuil's theory of strongly divisible lattices (of weight ^ 1). 
We only use the fact that one can naturally associate a 5_fs--stable Zp-lattice of Vx 
to a strongly divisible "lattice" by purely scmilinear algebra means (i.e., without 
relating the strongly divisible modules of weight S^ 1 with Barsotti-Tate groups over 
Ok)- Since it takes a significant digression to introduce the relevant definitions, we 
carry out these steps in a separate section §6. 

6. Integral p-adic Hodge theory a la Breuil 

In this section we give a proof of Claim (1) in §5.6, hence a proof of Theorem 

1.1. More precisely, we prove the following theorem. 

Proposition 6.1. Let V be a p-adic crystalline Q k -representation with Hodge-Tate 
weights in [0, 1]. If p = 2, then we additionally assume that either V or T^*(l) does 
not have any non-zero unramified quotient. Then any Q K^-stable Zp-lattice T <ZV 
is Gk -stable. 

The proof of this proposition is "embedded" in the literaturc^^, but we present 
the proof for convenience of readers. We prove this proposition using strongly 
divisible modules introduced by Breuil. We recall some basic constructions used in 
the proof of the theorem, and direct interested readers to [Bre02] for an overview 
of the theory, and [Liu08] for more recent developments in this subject. 

6.2. Construction. Let V be as in Proposition 6.1 and T C V a QK^stablc TL^- 
lattice. By replacing V with F*(l) if necessary, we assume that y*(l) docs not 
have any non-zero unramified quotient if p = 2. Let D :~ D*^.^JV) be the con- 
travariantly^* associated filtered (p-module and 9Jl be a (yj-niodule of height ^ 1 

such that T = I Tg (9^)) (!)• When p = 2, our assumption on V implies that D 

has no non-zero admissible quotient that is pure of slope 1,^^; or equivalently by 
Lemma 5.1.2, that 971 is (ys-unipotcnt in the sense of §4.6.1. Under these assump- 
tions, we will prove Proposition 6.1 by constructing from DJl another Qx-stable 
Zp-lattice T' <zV and show that T = T'. 

Let S be the p-adic completion of the divided power envelop of ly (/;:)[«] with 
respect to the ideal generated by 'P{u). It can be shown that S can be viewed as 
a subring of K^o [[""]] whose elements are precisely those of the form X]i>o '^'"TV' 
where q{i) := [-J with e := degV{u), and a^ G W{k) converge to as i — ?> oo. We 
define a differential operator N :— ~u-^ on S. We define a : S ^ S via extending 
the Witt vector Frobenius on the coefficients by <j{u) — u^ . We let Fil"' S C S 
denote the ideal topologically generated by V{uy /i\ for i ^ w. Since p\(j{f) for any 
/ £ Fil^ 5, we can define a cr-semilinear map ai := - : Fil^ S ^ S. 

We set M. := S ^a,e ^ = S ^e (cr*9Jl). We have an ^-Hnear map id®(p<xii ■ 
M = S(g)e icr*m) -^ S(g)eM. Using this, we define a 5-submodule Fil^ Mc M 



For example, Proposition 6.1 was used in Kisin's proof of classification of finite flat group 
schemes when p > 2 and connected finite flat group schemes when p = 2. See the proof of [Kis06, 
Theorem 2.2.7], and [KisOQa, Proposition 1.2.7]. 

°In this section, contravariant functors are more intuitive and convenient to work with. 

i.e., D is "unipotent" in the sense of [Bre02, Definition 2.1.1]. 
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and (pi : Fil A4 -^ Ad as follows. 

(6.2.1) Fil^ M := {x e M\ id(g}ip<m{x) eFil^ S (g)6M c S ®e^} 

(6.2.2) ^1 : Fill ^ Ki^v^ ^.^i ^ ^^ ^ ^^^m^ ^ ^^^^ 9^ = Al 

Let ipM. '-^ o ® (fim, and note that ipi = ^{fA/ilpa^ a<)- 

We now describe Fil Ai explicitly. Choose a ©-basis {ei, • • • , e^} of 9Jl so that 
ip{a*DJl) is generated by {ei, • • • ,edi,V{u)edi+i, ■ ■ ■ ,V{u)ed} for some 1 ^ di ^ d. 
We abusively let e.^ e A4 denote the element 1 (g) e^ . Then we have Fil^ Ai = 

(©ti(Fil' ^)e») © (©tdi+i ^e,). Clearly <pi(Fili M) generates Ai. 

By [BreOO, Proposition 5.1.3], one can define a differential operator Nj\^ : Ad -^ 
Ad over N : S ^ S (i.e., a M^(A:)-linear map Nj^ such that iVvt(sTO) = N{s)m + 
sN_\/i{m) for any s G S and m G A^). We recall the construction below. Let 
rrii :— T'{u)ei for i ^ di and TUi ~ e^ for i > di. Since {rrii} is an S'-basis of 
Fil^ At, it follows that {(pi(mi)} is an S'-basis of Ai. Define A'o : Ad -^ Ad 
by Nq(^^ Sifi{mi)) = N{si)ipi{mi). Clearly, the image of Nq is contained in lAA 

where / C S is the ideal generated by -jp- for alH ^ 1. We recursively define 7V„ for 
all n ;^ 1 so that Nn{(pi{mi)) := {ai^ipm)°Nn-iimi). Clearly, Nn{m)~Nn-i{m) € 
(cr"~i(/))-At for any m G Ad, so the limit Nj^ := lim„^oo Nn = Nq + J2'^=iiNn - 
Nn-i) converges p-adically. By construction we have A^^^ o (^^ = ((pjw°-^A4)lFiii A4 
and Nj^ = mod I Ad. 

Using the work of Breuil [Bre97, §6] and Kisin (Theorem 2.2.4(2)), we obtain 
the following: 

Proposition 6.2.3. The tuple {M[-], ipm[-], Nj^^, Fi\^ M[-]) is naturally iso- 
morphic (with the obvious notion) to the following: 

(1) an S[-]-module S i^wik) D, 

(2) a a-linear map as ^ fn ■ S ^wt^k) D ~^ S ®w(k) D, 

(3) a derivation N (g) idu :: S (8)vK(fe) D ^ S ®w{k) D over N : S -^ S, 

(4) an S[-]-submodule {in e 5" '?)w{k) D\ m mod 'P{u) e Fil"'^ Dk}- 

In other words, Ad is a strongly divisible lattice in S(E)wik) D in the sense of [Bre02, 
Definition 2.2.1]. 

In order to construct from Ad a ^if -stable Zp-latticc in V , we need to introduce 
the ring Ast ■ We do this in the next section. 

6.3. Put *K := lim o-j^/(p). It is well-known that the fc-algebra 5H is complete 

xP-<— a; 

with respect to a naturally given valuation and Frac(9l) is algebraically closed. We 
fix a uniformizer tt G Ok such that 'P{'k) = and we choose successive p-power 
roots 7r("); i.e., 7r(°) = tt and (7r("+i))P = tt^"). The sequence tt := {tt^")} is an 
element of *H. There exists a "canonical lift" 9 : W{yi) -» Ocj^ of the first projection 
9^ -» o-tt/{p), which is ^^-equi variant for the natural actions on both sides and is a 
topological quotient map (for the "product topology" on the source and the natural 
p-adic topology on the target). Let B^^ be the completion of M^(fH)[i] with respect 
to the kernel of 9[-], and let _BdR '■— ^dRli]' where t is Fontaine's p-adic analogue 
of 27Ti. See [Fon94a] for more details. 

We define AcHs as the p-adic completion of the divided power envelop of 11^(9^) 
with respect to ker(6'). The Witt vector Frobenius map and the ^^-action on 
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M^(?l) extend to Acris- We let Fil'^' Acris be the ideal topologically generated by 
^(ker6')* for i ^ w. We have cr(Fil^ ^cris)^ciis C pA^is, so we can define cti := - : 

We define ^st to be the p-adic completion of the divided power polynomial 
ring Aciis['T-]i>i- We define a Frobenius endomorphism a : Ast — > ^st using 
a : ^cris — >■ ^cris On the coefficients and a(l + X) = (1 + X)p. We define the ideals 

Fil'^l.t -^ ly^ai—- e 1st I cii e FiV-''A„i„ lim a, = 

i>0 



St 



where we set Fil™ Adis := Acris for w < 0. Then the map ai :~ - : Fil^ Agt -^ A. 
is well-defined. Let N : Agt — >> 1st be the Acris-derivation (1 + X)-^, and for any 
7 e Gk, we define 7(1 + X) := 5(7) (1 + X) where 5(7) := ^J e ^cris- 

We briefly discuss the relation with 1st and the period rings. Clearly, ^cris has 
a natural filtered ^/f-equivariant embedding into Sjj^. We extend this to Agt by 
sending X to — — 1 G -BJr. This embedding is also filtered and ^^-equivariant. 
Furthermore, B^, as a subring of S^j^, is exactly the image of Acris[log(l + X), i]; 
i.e. the subring of lst[-] consisting of elements killed by some power of N. 

We also define filtered 14^(fc)-algebra embeddings S ^^ Aa-is by sending u to 
[tt] and S ^->- Ast by sending u to j^- Both embeddings respect the Frobenius 
structures on both sides, and the derivation TV : 1st — >■ 1st restricts to N : S ^ S. 
Furthermore, the image of S in Aa-is is fixed by Qko^ , and the image in Agt is fixed 
by Gk- (Iu fact, one can even show that 5* fills up A(,iis°° ^^"^ (Ist)^'^'i respectively. 
See [Brc97, §4] for the proof.) We also record that the filtered map Ast — >■ ^cris 
defined by ^ 1— ;> for all i is a map of S'-algcbras which respects the Frobenius 
structures and ^j^" 00 "actions on both sides. 

6.4. Construction of Galois-stable Zp-lattices. We come back to the setting of §6.2, 
and define a Zp[^x]-module T^t(-^) and a Zp[^if^]-module 2^st('^); as follows: 

(6.4.1) T:,{M) := Hom5,^^,^.Fiii(M,lst) 

(6.4.2) T:^stiM) := }loms.^,,Fn^iM,A,,,s) 

where Qk acts on 2^t(-^) through v4st, and Qk^ acts on Xqst(-^) through Acris, 
respectively. Clearly both Tst(A4) and rqst(-^) are p-adically separated and 
complete. Breuil showed that there exists a natural ^x-cquivariant isomorphism 
T^t(-^)[~] ~~^ ^j so we may identify T^t('^) with a ^^-stable Zp-lattice in V. 
We can construct this isomorphism as follows. By Proposition 6.2.3, we can view 
D as a (p-stable submodule in Al[-] which is killed by N/^. Since iJ^jg C lst[-] 
is a subring of elements killed by N, we obtain a ^/^--equivariant Zp-linear map 
Hom5[i]_^^jvPiii(M[i], Ast[^]) -> Hom/fo,y,Fii(£',S+iJ. To show that this is an 
isomorphism, see [Bre02, Proposition 2.2.5] where the sketch of the proof and ref- 
erences of the full proof are given. ■^'' 



'^'^The proof is also worked out in [Kim09, Theorem 12.2.1.3]. 
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Note that there is a ^^^-equi variant map T*j(At) — > T* ^(Al) induced by 

Ast -» Acris; ^ >-> for all i. This map is an isomorphism by [Liu08, Lemma 
3.4.3]. So we may view T^gj(A4) as the restriction of the pj^-action on T*t(A4) to 
Qk^i a-nd the natural ^^^-equi variant embedding 

(6.4.3) T^AM) = Hom5,^^3ii(M,^cris) -> HomKo,^,Fii(i?, S+J = ^ 

is induced the (^-equivariant embedding D ^-)- Al[-]. 

Recall that we have constructed M. (with its extra structure) from the con- 
travariantly associated iy9-module 9JT to a ^/^-^-stable Zp-lattice T <Z V . To com- 
pare T with Tst(-^)i '^^ need to recall how we construct T from 971 in [Kis06]. 
Note that 

T^ (r|^(aH))* (1) = Hom6,^(»T,0£u,) ^ Home,^(OT, §"■•), 

where 6"'' is the topological closure of the integral closure of 6 in 'o^ur. (The 
endomorphism a and the QK-^-&ci\on on "o^u, stabilize ©"''.) The arrow above is 
induced by the natural inclusion &™ ^-> ?£ur, and it is an isomorphism by [Fon90, 
§B. Proposition 1.8.3]. Note that the embedding 6 ^->- A^ris by u — > [tt] extends to 
gur ^_^ Acris uniquely in a way that respects the cndomorphisms a and ^Xoc'^-ctions 
on both sides. 

Now let us recall the construction of ^i^^-equivariant embedding of T into V = 
_V^j.jg(i?). Let Oa C iiro[[w]] be the subring which converges on the "open unit 
disk"; i.e. f{u) e Oa is a formal power series over Kq such that f{x) converges 
for any x £ Ck with |a;| < 1. One can define an endomorphism a : 0/\ — > Oa so 
that it is the Witt vector Frobenius on the coefRcients Kq and <j{u) ~ u^. Then 
we have &[-] C Oa C S[-] as subrings of ifoii^]], which are stable under the 
cndomorphisms a defined on each of them. In particular, one can embed Oa into 
B^jg (since S[-] embeds into i?cris)- 

Put A4 :~ Oa ^s 2T equipped with a OA-hncar map 1^97^ := ido^ 'S'fim ■ 
a*M -^ M where a*M := Oa ®ct.Oa -^- Let us define a filtration 

Fir{<j*M) ■.= {mea*M\ ipM{m) eViuy^M} . 

Finally, by [Kis06, Lemma 1.2.6] there exists a i/j-equivariant embedding (^ : D ^^ A4 
where S.{D) C </77vi(o'*A^). Now wc obtain 5 i^^-cqui variant injcctivc maps 

(6.4.4) Hom6,^(9H, g"') ^ Homo^,^M'^*M,B+,^) ^ IIomKo,^MD, B+,J, 

where the first map is induced by (pM on the first argument and the natural in- 
clusion 6"'' ^-> S^is on the second argument, and the second map is induced by 
^■. D ^ ipM{(r*M), using [Kis06, §1.2.7, Proposition 1.2.8]. Now, [Kis06, Propo- 
sition 2.1.5] asserts that the composition of the arrows above, hence each arrow, is 
an isomorphism, so we obtain a 5 /^^-equi variant embedding T ^^ V. 
Now consider the following natural ^/f^-equivariant morphism: 

(6.4.5) T : T ^ Home,^(OT, 6") ^ Homs^^^^piii (M, A,,is) = T^stCAl) 

where the arrow is defined as follows: for a ©-linear map / : 9Jt — > (5""^, we consider 

/ : A4 = S* ®a,e ^ ^ ^cris obtained by S'-hnearly extending M — > 6""' -S> A^is, 
where we view S* as a 6-algebra via a : & —>■ S. One can check that if / respects ip, 
then f respects (pi and takes Fil^ A4 to Fil^ ^cris- The arrow in (6.4.5) is defined by 
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/ I— > /. One can show that this map T is furthermore ^if^-equivariant and respects 
the natural embeddings of the source and the target into V defined respectively in 
(6.4.4) and (6.4.3). 

Proposition 6.1 now directly follows from the lemma below: 

Lemma 6.5. Let T , 971, and M. be as in §6.2, and ifp = 2 then additionally assume 
that dJt is if-unipotent in the sense of §4-6.1. Then the natural QK-eQuivariant map 
T : T — ^ T* j(Al) in (6.4.5) is an isomorphism. 

Under the assumption of the lemma, T and T^^^ ( Al) define the same Zp-lattice 
in V. Since we observed that T*g^(Al) and T^t{Ad) define the same the same 
Zp-lattice in V and the latter is ^_R-stable, it follows that T is ^_R-stable. This 
proves Proposition 6.1. 

6.6. Proof of Lemma 6.5. Since the injectivity of T is clear, it is enough to show 
the surjectivity of T. By Nakayama's lemma, it is enough to show the surjectivity 
of T (g>z^p : T ®z, Fp ^ IX^M) <»Zp ^v 

Put 9H := 9Jt/p2t. Using the exactness assertion of Theorem 2.1.3 and [Fon90, 
§B. Proposition 1.8.3] we obtain: 

T ®z, Fp '^ Hom6/pe,v(M, Ofu.- /pogu, ) T Home/p6,v(M, ©"/pS") 

where the arrow on the right is induced from the natural inclusion (3"''/p6"' ^-> 

Ogur /pO£u^ . 

Put M. := M/pM.. Let Fil^ AA. C M. denote the image of Fil^ M., and let 
Tp^ :— ipi mod pM.. From the natural projection Acris -^ ^cris/p^cris, we obtain 
the following natural injective map: 

(6.6.1) T^^tiM) ®z, Fp = Homs^^^,Fiii (M, ^cris) ®z, Fp 

Therefore we obtain the natural map 

(6.6.2) T : T ®.^ Fp "'-^'' t;,(M) ®z. Fp ''-^^ r;,(M). 
Alternatively, one can directly construct T in a similar manner to (6.4.5); namely, 

T : r ®z^ Fp = Homs/p6,v(^> &''/p&'') -^ iioias/pS,^,,Fil^ (M, ^cris/pAcris) 

induced by S/pS-\uica,T extension on the first arguments and by the map a : 
guiy^gur _^ A^is/pAcris On the second arguments. The following lemma is the 
main step of the proof. 

Lemma 6.6.3. Assume that 971 is (p-unipotent in the sense of §4.6.1 ifp = 2. Then, 
the natural map % : T (E)Zp Fp — > Tl^^.{M.) is injective. 

Let us explain how to deduce Lemma 6.5 from Lemma 6.6.3. Granting the 
injectivity of T : T C^Zp Fp -^ r*gj(Ai), it follows from the construction of T that 
2^ ®ip Fp : T (g)Zp Fp — > T^g^{M.) ®Zp Fp is injective. But since the source and the 
target have the same Fp-dimension, it has to be an isomorphism. 

We prove Lemma 6.6.3 for the rest of the section. The proof can also be found 
in [Kis09a, Proposition 1.2.7]. 
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6.6.4. Proof of Lemma 6.6.3: the case p > 2. The case p > 2 essentially follows 
from the proof of [Bre99, Proposition 4.2.1]'^^. Using the same notation as in §6.3, 
we let Fil""^ 9^ C fH denote the kernel of the first projection IH -^ K/{p). Note that 
^cris/p^cris IS naturally isomorphic to the divided power envelop of U\ with respect 
to Fil^ 91. (See [B078, Remark 3.20(8)] for the proof.) 

Observe that the kernel of a : G^'^ /pG^" -^ ^cris/p^cris is principally generated 
by u"^, where e is the ramification index of K. So if / g Homg/pg i^(9Jl, 6"''/p(3"'^) 
is in the kernel of T, then we have /(x) G u^(6"'7p6"'') for any x € 9Jl. Suppose 
f{x) e u^ (©"''/p©"'') for some e' > e. Since 9Jl is of T'-height ^ 1, there exists 
y £ 9Jt such that ip^{a*y) ~ u'^x. Since Viu) modp is (a unit multiple of) u'^, we 
have 

fix) = u-^f {^{a*y)) ^ u-'^a {f{y)) e ^i^'^-^(6"7p6-) C ^^-'(©-/p©-), 

since we assumed that p > 2. By iterating this process, we conclude that / = 0. 

6.6.5. Non-exam.ple: the case p ~ 2. Before we present the proof of the case p = 2, 
we give an example of non-yj-unipotent 931 where the lemma fails to hold. Let 
m ^ ©-e with V3ajt(cr*e) = V{u)e. Let M := M/pM and M := S/pS(g>^,e 971. We 
show that 1 : T ^Zp ^p -^ Tlsti-^) is the zero map, which in turn implies that 
"J^Zp IFp : T (E)Zp ¥p — !> T* ^(Al) (8)Zp ^p is the zero map. In particular, 1 cannot 
be injective (so T cannot be an isomorphism). 

Let / £ Homg/pe^(9}l, ©"''/p©"') be any element. Then we have 

{fie)r - (/(e))2 = a (/(e)) = / (^^(a*e)) = au'^-fie), 

where au'^ = V{u) mod p with a Cz k^ . If / is non-zero then we have /(e) = a-u"^. 
On the other hand, a : G^" /pG^" ^> Adis/pAais maps any multiple of u'^ to 0. This 
proves that 1 is the zero map. 

6.6.6. Proof of Lemma 6.6.3: the case p = 2. Now, we handle the remaining 
case.'^^ Assume that p = 2 and 9Jl is (p-unipotent in the sense of §4.6.1. Let / G 
Home/p6,y(S5t,6"Vpe"'') be in the kernel of T. We set ^ := /(M) C ©"Vp6"^ 
which is a ©/p©-submodule stable under the pth power map a : G™/pG™ — )■ 
©"''/p©"''. This makes 9^ into a {ip, ©/p©)-module. Since we have the (/^-compatible 
surjection / : 93t ^> 91, it follows that 9T is of height ^ 1; i.e., m'^91 C (/?^(fT*9T). 

Since / is in the kernel of Tj^y, the same argument as §6.6.4 implies that 91 C 
^'^(©"'■/p©"''). Using that ip^^ is induced from the pth power map a : ©"''/p©"'' -^ 
6"7p©"^ we have ip^ia*m) C u'^%&'''/p&'^), so u^9I D ip^{a*m). Since 91 is 
of P-height ^ 1, we obtain (/3^(cr*9l) = u'^Vt; i.e., 9t is of Lubin-Tate type in the 
sense of §4.6.1. But by the definition of iy9-unipotent-ness, 2t does not admit any 
non-zero quotient of Lubin-Tate type. Therefore 9t = 0, so / = 0. 

7. Positive characteristic analogue of crystalline deformation rings 

In this section, we introduce a class of Gal(fc((w))''°P/fc((M)))-representation over 
some equi-characteristic local field which could be thought of as an analogue of 



■^Although [Bre99, Proposition 4.2.1] is only worked out when e = 1, tlic argument works with 
little modification for any e. 

■^ The author thanks Tong Liu for his advice. 
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crystalline representations, and develop deformation theory for them. Such repre- 
sentations are (implicitly) introduced by Genestier-Lafforgue [GLIO], and its torsion 
version also appeared in Abrashkin [Abr09] . A useful observation is that the linear 
algebra objects that give rise to such Galois representations have very similar struc- 
ture to various ((^, 6)-niodules we saw in Kisin theory. Considering the norm field 
isomorphism Qk^ — Gal(fc((w))''°P/fc((w))) [Win83], it is not too surprising that the 
Pi^^ -deformation theory has an analogue in positive characteristic. 

7.1. Notations/Definitions. Let Oq := Fg[[7ro]] be a complete discrete valuation ring 
of characteristic p. For this section, let K :=: fc((u)) and Oa- ;= fc[[w]] where fc is a 
finite extension of Fg. (So K is no more a finite extension of Qp.) We fix a finite 
map i : Oq ^ Ok over ¥q. Roughly speaking, Oq will play the role of Zp, and ttq G Oq 
will play the role of p. 

Put Qk '■= Gsl{K'^°'^ / K) . We would like to study a certain class of Qk- 
representations over Oq, Frac(oo), or finite algebras thereof. It is defined in terms of 
linear-algebraic objects called (effective) local shtukas over Ok, which we introduce 
below. Local shtukas have many analogous features to (iy9, (5)-modules of finite 
height in Kisin theory, so we use similar notations to Kisin theory to emphasize the 
analogy. 

Let © := Oi<-[[7ro]] and Og := i<r[[7ro]]. We define a partial g-Frobenius endomor- 
phism a for each of these rings so that it acts as the gth power map on K and 
c(7ro) = ttq. This a lifts the gth power map modulo ttq, and fixes Oq- We also set 
£ := /•ir((7ro)) and extend a on £. Then a fixes Frac(oo) 

Let uo :~ t(7ro) ^ where t : Oq ^ Ok is the map we fixed earlier. Put 
V{u) := TTo — uo G <3 and let e := ordti(uo). Clearly we have &/{V{u)) = Ok, which 
is a totally ramified ring extension of fc[[7ro]]. This shows that Viu) is a ©^-multiple 
of some Eiscnstcin polynomial in fc[[7ro]][w] with degree e. 

7.1.1. An Stale ((/?, Os) -module (or simply, an etale ip-module) is a finitely generated 
Of-modulc M equipped with an Og-linear isomorphism ipM '■ u*M — > M. Wc say 
an etale (p-module M is free (respectively, torsion) if the underlying og-module 
is free (respectively, 7rfJ°-torsion). We let Mod p*. (ip) denote the category of etale 
((^, Ofj-modulcs with the obvious notion of morphisms, and let Mod "*.^ '°°('/') ^nd 
Mod°^''°' (if) respectively denote the full subcategories of free and Trjf^-torsion etale 
(^-modules. We let Mod f„ ((/?)[ ^] denote the "isogcny category" for Mod °*.'^''°°((^): 
i.e. the categories defined by formally inverting the multiplication by ttq. 

There exist natural notions of subquotient, direct sum, (8)-product, and internal 
hom for etale (^-modules. We respectively define the duals for free and torsion 
etale (yO-modules by the Of-linear duals and the Pontryagin duals with the induced 
yj-structures. 

The main motivation for considering etale (^-modules is that we have a natural 
analogue of Theorem 2.1.3. Let Os^i :— K^''p[[tto]], and we let Qk act on it through 
the coefficients, and define the partial g-Frobenius cndomorphism a so that it acts 
as the qth power map on K^'^p and cr(7ro) = ttq. Then the following construction 

(7.1.2) lUiM) := {M (E)oe Os-T=^ for M G Modfjc^l. 

defines an equivalence of categories between Mod °*. {tp) and the category of finitely 
generated Oo-module with continuous ^A-action. One can define the quasi-inverse 
D£ in a similar fashion to (2.1.2b). Furthermore, they respect all the natural 
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operations such as ^-product, duality, etc, and they preserve rank and length 
whenever applicable. The proof is identical to the proof of Theorem 2.1.3. (See 
[Kim09, §5.1] for the fuU proof.) 

Definition 7.1.3. Consider the following ctale (/^-module Mct '■= "fS equipped with 
ipMcri'^*^) ~ 'P{u)^^e. Let xcT ■ Qk -^ Oq denote the character that defines the 
^K-action on T_£{Mct)- For any Oo[^K]-module V, we let V{n) the Oo[5A']-inodule 
whose 5i<--action is twisted by Xct- 

This character xcT is equivalent to the character obtained from the Trp-adic Tate 
module of the Lubin-Tatc formal Oo-modulc over Ok- See [Kini09, §7.3.7] for the 
proof. Note that when _ftr is a finite extension of Qp, we can obtain Xcyclex from 
the etale (/s-module defined analogously as above. Compare with Example 2.2.73. 

7.1.4. For a non- negative integer h, an effective local shtuka (over Ok) of height ^ h 
is a finite free ©-module *Xt equipped with an ©-linear morphism ip^gi : (t*9JI — ^ 9Jl 
such that coker{ipfxa) is killed by 'P{u)^. We let Mod gfy;)^^ denote the category of 
effective local shtukas of height ^ h with the obvious notion of morphisms. We let 
Mod g(tf?)^''[— ] denote the "isogeny category" for Mod gfc/;)^'': i.e. the categories 
defined by formally inverting the multiplication by ttq . 

The original definition of effective local shtuka (over o^) requires c6kex{ifm) 
to be flat over Ok, but this is automatic by the same argument as the proof of 
Lemma 2.4.2(2). Note that effective local shtukas can be defined over any Oo-scheme 
(not just over Spf 0/<-), and there are more general objects called local shtukas which 
are defined by allowing (/s^ to have a pole at 'P{u). See [CLIO, Definition 0.1] or 
[HarlO, Definition 2.1.1] for more general definition. 

Since V{u) is a unit in Og, the scalar extension 3Jl ®e Og is naturally an ctale 
93-module. So we can associate a ^if-representation to an effective local shtuka 9Jl 
of height ^ /i as follows: 

(7.1.5) Tf'im) :=T£(OT®e 0£)ih) 

We state the following fundamental and non-trivial result on this functor Tg . 
Compare with Theorem 2.2.3. 

Proposition 7.1.6. 

(1) The functor Tg from the category of effective local shtukas of height ^ h 
to the category of Oo-representations ofQx is fully faithful. 

(2) Let V := Te (^)[~]' then for any Q K-stahle Oo-lattice T' CZ V there exists 
an effective local shtuka DJl' of height ^ h such that T' ^ Tg (W). 

Proof. The proof of (1) is very similar to the proof of its p-adic analogue [Kis06, 
Proposition 2.1.12], except that one needs to work with "weakly admissible isocrys- 
tals with Hodge-Pink structure" instead of filtered (/3-modules, and apply [CLIO, 
Theoreme 7.3] instead of [Kis06, Lemma 1.3.13] . The detail is worked out in [Kim09, 
Theorem 5.2.3]. 

The claim (2) easily follows from [GLIO, Lemme 2.3] and the equivalence of 
category T_^. (See [Kis06, Lemma 2.1.15] for the proof of its p-adic analogue.) D 

By OQ-lattice Q k -representation, we mean a finite free Oo-module equipped with 
continuous ^i^-action. By t:^ -torsion Q k -"representation, we mean a finitely gen- 
erated 7r[J°-torsion Oo-module equipped with continuous ^^-action. 
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Definition 7.1.7. Let ft, be a non-negative integer. An Oo-lattice ^/^r-action T is 
called of height ^ h if there exists an effective local shtuka 9JT of height ^ h such 



that T = Tg (971)- A continuous ^/^r-representation V over Frac(oo) is called of 
height ^ /i if it admits a ^i^r-stable Oo-lattice T G V which is of height ^ h; or 
equivalently by Proposition 7.1.6(2), any ^^^--stablc Oo-latticc T C V is of height 
^ h. A TT^-torsion ^j^-representation T is called of height ^ /i if there exist 
Oo-lattice 5i^:-representations T' C T oi height ^ h such that T ^ T/T'. 

Note that XcT for ^ ?' ^ /i is of height ^ h, because by definition of xcT 
(Definition 7.1.3) we have Xcr ~ 2^1'' (©(/i - r)) where S(/i - r) := S-e with 
(^e(/j_r)(cr*e) = V{u)^~''e. (cf Example 2.2.7(3).) It is not difficult to show that 
any unramified p/^-representation is of height ^ (hence, of height ^ h for any 
non-negative h). See, for example, [Kim09, Proposition 5.2.10] for the proof. 

Proposition 7.1.6 suggests that ^/^-representations of height ^ h should enjoy 
similar properties to those enjoyed by 5i<-^ -representation of height ^ /i in the 
setting of Kisin theory. On the other hand, ^^-representations of height ^ h can 
also be regarded as a positive characteristic analogue of crystalline representations 
with Hodge- Tate weights in [0,h], for the following reasons. "^^ Effective local shtukas 
arise naturally by completing global objects at "places of good reduction" such as 
t-motives, elliptic sheaves, and Drinfeld shtukas. (See [HarlO, Example 2.1.2] for 
more details.) It has been known for experts that there exists a natural anti- 
equivalence of categories between the category of effective local shtukas of height 
^ 1 and the category of strict 7ro-divisible groups (using the terminology of [Fal02]), 
and if 3Jl is the effective local shtuka of height ^ 1 which corresponds to a strict 

TTQ-divisible group G then (Tg (OT) ) (1) is naturally isomorphic to the TTQ-adic 

Tate module of G. This is generalized by Hartl [Har09, §3] to any effective local 
shtukas.^'' See [Kim09, §7.3] for the proof. 

7.1.8. For a non-negative integer h, a torsion shtuka of height ^ ft is a finitely gen- 
erated TT^-torsion it-torsionfree 6-module 971 equipped with an (3-linear morphism 
ipm ■■ cr*m -^ Tl such that coker{ipm) is killed by V{u)^. We let (Mod /©)«;'' 
denote the category of torsion shtukas of height ^ ft, with the obvious notion of 
morphisms. There exist natural notions of subquoticnt, direct sum, ^-product for 
torsion shtukas. Wc can also define duality in the same way as in §2.4.3. 

Let 971 be a torsion shtuka of height ^ ft. Since dJl (E)e Oe is a Trg^-torsion 
etale i^-module, one can associate a 7r(5°-torsion ^^-representation Tq (9H) := 

r^(OT®6 0£)(ft). 

The same proof as [Kis06, Lemma 2.3.4] shows that any torsion shtuka of height 
^ ft can be obtained as the cokernel of an isogeny of effective local shtukas of 
height ^ ft. Using the "exactness" of Tg which can be easily verified, we obtain 
the following lemma. 

Lemma 7.1.9. Let T be a finite n^ -torsion Q k -representation. Then T is of height 
^ ft in the sense of Definition 7.1.7 if and only if there exists a torsion shtuka 9Jt 
of height ^ ft such that T ^ r|''(M). 



We remark that in positive characteristic Koc '■= K{ ''°\/u) is a purely inseparable field 
extension of K, so the gap between Qk and Qk,^ collapses. 

Note that not all the 7ro-divisible groups come from effective local shtukas - the vro-divisible 
groups that come from effective local shtukas are called divisible Anderson modules in [Har09, §3]. 
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7.1.10. Wc finally remark that the analogue of the "hmit theorem" (Proposi- 
tion 2.4.11) holds; i.e., an Oo-lattice ^^-representation obtained as a limit of 7rg°- 
torsion ^i^-representation of height ^ /i is again of height ^ h (as an Oo-lattice 
^if -representation). The proof is "identical" to the proof of Proposition 2.4.11. 

7.2. Deformation theory. Let F be a finite extension of Fg (which is the residue field 
of Oo), and p : Q k ^^ GLd(F) a representation. Let o be a p-adic discrete valuation 
ring with residue field F, and put F := Frac(o). Let 2t9^o be the category of artin 
local o-algebras A whose residue field is F (via the natural map), and similarly let 
2l$Ho be the category of complete local noetherian o-algebras with residue field F. 

Let D, D° : 2tfHo -^ (Sets) be the deformation functor and framed deformation 
functor for p. Since the tangent spaces of these functors are infinite-dimensional 
(as explained in §3.1), they cannot be represented by complete local noetherian 
o-algebras. 

We say that a deformation pA over A E SlCHo is of height ^ ft. if it is a 7rg°- 
torsion ^/^--representation of height ^ /i as a 7rg°-torsion ^/^--representation; or 
equivalently, if there exists 2Jl G (Mod/©)'*'* and an isomorphism Tg (9JT) = pA 
as Oo[5_K-]-modules. For A £ 2l$Ho, we say that pA is of height < ft if p^ (g) ^/m^ 
is a deformation of height ^ ft for each n. When A £ 2t*Ho, both definitions are 
compatible because the condition of being height ^ ft is closed under subquotient. 
When A is finite flat over Oq, a deformation pA over A is of height ^ ft if and only 
if Pa is of height ^ ft as a Oo-lattice 5i<--representation, as remarked in §7.1.10. 

Let D^'' C D and D^-^'' c D° respectively denote subfunctors of deformations 
and framed deformations of height ^ ft. In this setting, we have the analogue of 
Theorem 3.2: 

Theorem 7.2.1. The functor D^'^ always has a hull. IfEndgj^-{p) = F then D^'^ 
is representable (by R'^^ E 2t$H(,J. The functor £)°'^'' is representable (by i?°'^'' G 
SlSHp/' with no assumption on p. Furthermore, the natural inclusions D^'* ^-^ D and 
jj'^Xh ^^ £)n of functors are relatively representable by surjective maps in 2t$H(,. 

We call i?°'^ the universal framed deformation ring of height ^ ft and i?^ the 
universal deformation ring of height ^ ft if it exists. 

The proof of Theorem 3.2 can easily be adapted. The main difficulty is to show 
the finiteness of the tangent space, but the same proof of Proposition 3.8 works, if we 
replace 6, 0£, (Mod/©)'*'' by their positive characteristic analogues as introduced 
in §7.1 and the pth power map is replaced by the gth power map in suitable places. 

7.2.2. Torsion shtukas with coefficients. Let A be a TTo-adically separated and 
complete topological Oo-algebra, (for example, finite Oo-algebras or any Oo-algebra 
A with tt(^ ■ A = for some N). Set &a := ©Soo^ := Um^ &®oo^/Ia where /« 
form a basis of open ideals in A. We define a ring endomorphism a : 6a ^ &A 
by A-linearly extending the Frobenius endomorphism a. We also put 0£_a '-^ 
-^A := lim Of:(8)(,oA//Q,and similarly define a : Og^A — >■ Of ,A- 



Let (ModFI /©)^ be the category of finite free ©^^-modules OJl^ equipped with 
a ©A-linear map fmA ■ <^*{^a) — ^ ^A such that V{u)^ annihilates coker((pgr)i^). 
Similarly, let (ModFI /o^)^ be the category of finite free Og ^^-modules Ma equipped 
with a Of ^A-linear isomorphism i^Ma '■ f *(-^a) — > Ma- If A is finite artinean, then 
one can associate to these objects ^i^r-representations over A, and show that T_g, 
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defined in (7.1.2), induces an equivalences of categories between (ModFI/o£)5i and 
the category of pK-representations over A.^'^ 

7.3. Moduli of torsion shtukas of height ^ h. Let hhe a positive integer. Consider 
a deformation pji of poo over R G 2l5Ho whicli is of height ^ h (i.e. pji (8)_r R/^r is 
of lieight ^ h for each n). The main examples to keep in mind are universal framed 
deformation of height ^ h. 

Put Mr ■- limMn where M„ e (ModFI/o£)5j*/^„ is such that Tg{Mn){h) = 

PR ®R -R/iTifl for each n. For any i?-algebra A, we view Mr <E)r A as an ctale 
(/9- module by A-lincarly extending (/9j\/„ . 

For a complete local nocthcrian ring R, let Slug^j be the category of pairs {A, I) 
where A is an i?-algebra and / C A is an ideal with I^ = for some N which 
contains mR-A. Note that an artin local i?-algcbra A can be viewed as an element in 
2lu0p by setting / := m^. A morphism {A, I) -> (B, J) in Slug^ is an i?-morphism 
A -^ B which takes / into J. We define a functor D^ : 2lug^ — !> (Sets) by 
putting Z?g ' {A, I) the set of (^-stable ©y^-lattices in AIr (E)r A which are torsion 
shtukas of height ^ h. 

With this setting, we have an analogue of Proposition 4.2. 

Proposition 7.3.1. The functor Dq can be represented by a projective R-scheme 
'^^f^ and a & ®i^ O^^^r. -lattice Mp« C Mr (E)r O^^^h. (We call Mpi' a 

universal S-lattice of height ^ h for pR.) Moreover, the formation of'^M^ and 
OTp^ commute with scalar extension R ^ R' . 

Indeed, the proof of its p-adic analogue (Proposition 4.2) works verbatim in the 
positive characteristic setting. The proof is also worked out in Proposition 11.1.9, 
Corollary ll.l.llof [Kim09] for the positive characteristic setting. 

The discussions in §4 also applies to this positive characteristic setting. For 
example, the structure morphism 'i§M'^ — > Spec R becomes an isomorphism af- 
ter inverting ttq (Proposition 4.4.2, also using Proposition 7.1.6(1)); i?°'^''[— ] is 
formally smooth (Proposition 4.4.3); and the condition of having "tp-nilpotent" 
(respectively, "(ys-unipotcnt") local shtuka model defines a union of connected com- 
ponents in i?°''*''[^] (Proposition 4.6.2). 

When p is 2-dimensional and /i = 1, one can define the quotient RP'^ of i?°'^^ 
in the similar fashion to §4.5.^^ As in Remark 4.5.5, for any Frac(oo)-algebra A, 
an A-point of RP'^^ factors through i?°'"^ if and only if Ik acts via X£T on the 
determinant of the corresponding framed deformations. Then the direct analogue 
of the connected component result (Proposition 4.7) holds for the positive charac- 
teristic deformation ring RP'^\—\. Furthermore, the argument in [Kis08, §3] can be 
adapted to show that RP-^\—\ is equi-dimensional of dimension 4 -h [A' : Fg((Mo))], 
which is strongly analogous to the p-adic case. (Compare with [Kis08, Theo- 
rem 3.3.8] and [Kim09, §11.3.17].) 



The relevant freenoss follows from length consideration. 

In the p-adic case SpeciJtx)^[-] is a union of connected components of SpecR^^^ [-]. But 
in the positive characteristic setting, the author could only prove this when K is separable over 
fc((uo))- See [Kim09, Proposition 11.3.7]. 
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